A Generalization of Riemann Sums
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Abstract

We generalize the property that Riemann sums of a continuous function
corresponding to equidistant subdivisions of an interval converge to the integral
of that function. We then give some applications of this generalization.

Problem U131 in [1] reads:

Prove that

"L arctan £ (k) 3log2
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where ¢ denotes Fuler’s totient function. In this note we prove the following theo-
rem, that will, in particular, answer this question.

Theorem 1. Let a be a positive real number and let (an)n>1 be a sequence of positive
real numbers such that
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lim — E ar = L.
n—oo N

k=1

For every continuous function f on the interval [0, 1],

1 — k 1
lim — = =L a-l dx.
Jim 2 E_ f(n) ak /0 az®” f(z)dx

Proof. We use the following two facts:

fact 1 for >0
lim Zn: W=t
n1—>nolo nB+1 — - ﬁ +1
fact 2 if (An)n>1 is a real sequence that converges to 0, and 3 > 0 then

1 n
lim Z P\, = 0.
k=1

n—00 nﬁ+1

Indeed, fact 1 is just the statement that the Riemann sums of the function
x — 27 corresponding to an equidistant subdivision of the interval [0, 1] converges
to fol 28 dx.
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The proof of fact 2 is a “Cesdro” argument. Since (\,)p>1 converges to 0 it
must be bounded, and if we define A,, = supj,, |Ax|, then lim;, . A, = 0. But, for
1 <m < n, we have

1 n
B B
nB+1 Zk M| < 6+1 Zk [Ak] + ,6'+1 Z K7 1 A]
k=1 k=m+1
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< o A1+A
n

Let € be an arbitrary positive number. There is an m > 0 such that A, < €/2.
Then we can find n. > m. such that for every n > n. we have m Al/nﬂ+1 < €/2.

Thus
1 n
n>ne = | > kN
k=1

< €.

This ends the proof of fact 2.

Now, we come to the proof of our Theorem. We start by proving the following
property by induction on p :

kPa
n—>oo nOé-‘r Z +pL' (2)

The base property (p = 0) is just the hypothesis. Let us assume that this is true
for a given p and let

a
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(with the convention A\g = 0,) so that lim, o, A, = 0. Clearly,

L
KPay, = kPN, — (b — 1)°TPAp_q + 2 (kOHP — (k — 1)0+P
ax k= (k—1) k1+a+p( (k —1)*P),
hence
L
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It follows that

1 n 1 n—1 al 1 n—1
p+1 _ o a-+p _ a+p
ot > K ag = ot > kTN + a+tp (1 ot >k ) :
k=1 k=1 k=1
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Using fact 1 and fact 2 we conclude that
1 Z” L 1 L
n—»oona+l’+1k_l a+p a+p+1 a+p+1

This ends the proof of (2).

For a continuous function f on the interval [0, 1] we define

n

n 1
I,(f) = %Zf <k> ar, and J(f)= L/ azx® f(z) de.
=\ 0

Now, if X? denotes the function ¢ — P, then (2) is equivalent to the fact that
lim,, o0 I,,(XP) = J(XP), for every nonnegative integer p. Using linearity, we con-
clude that lim,,_.~ I5,(P) = J(P) for every polynomial function P.

On the other hand, if M = sup,>; == > j_; ax, then L < M and we observe
that for every continuous functions f and g on [0, 1] and all positive integers n,

1. (f) — In(g)| < Msuf |f =gl and |J(f)—J(g)] < Msuf If —gl.

) )

Consider a continuous function f on [0,1]. Let € be an arbitrary positive num-
ber. Using Weierstrass Theorem there is a polynomial P. such that |f — P, =
supgefoq |f(2) — Pe(z)| < 557. Moreover, since limy, oo Iy, (Pe) = J(F), there exists
an n, such that |I,(P) — J(P)| < § for every n > n.. Therefore, for n > n., we
have

(Ln(f) = TN < In(f) = In(Bo)| + [In(Pe) — J(Pe)| + [ (Fe) = J(f)] < e
This ends the proof of Theorem 1. O

Applications.

e [t is known that Euler’s totient function ¢ has very erratic behaviour, but on
the mean we have the following beautiful result, see [2, 18.5],

1 3
nhlﬁloml;‘p(k) =3 (3)

Using Theorem 1 we conclude that, for every continuous function f on [0, 1],
1L [k 6 [
i 5> <n) o) = 5 [ ar) s (1)
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Choosing f(x) = 2Z4L we conclude that

z(14+x)
n
. arctan(k/n) 6 [!arctanz
1 ————p(k) = = — dx. 5
nl—{%oki1 k(n+ k) #(k) 7r2/0 1tz ° (5)
Thus we only need to evaluate the integral I = fol ar‘ii% dz. The “easy” way
to do this is to make the change of variables z «— %—:Li to obtain
! 1—t\ dt Lim dt
I = arctan [ —— | —— = <— — arctant) —
0 1+t) 1+t J, \4 1+t
o Uodt
4 )y 1+t

Hence, I = % log2. Replacing back in (5) we obtain (1).

jus
8

e Similarly, if o(n) denotes the sum of divisors of n, then (see [2, 18.3]),
1§ 2
nlerolo 3 kzla(k:) =13

Using Theorem 1 we conclude that, for every continuous function f on [0, 1],

1 n k 2 1
nlingoﬁkzlf <n> o(k) = 7;/0 xf(x)dx.

L we conclude that

Choosing for instance f(z) =

1+ax?
n
. o(k) 2
Jm > e = Tag s ).

k=1

e Starting from

1 Gpek) 6
R &

n—oo

k=1

which can be proved in the same way as (3), we conclude that, for every a > 0,

li L
m ——-—
N—00 noc+1

m2(1+ «)

Sk l(h) = o (6)
k=1
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Also,

li L
1m
n—00 na+1

n 1
Zka_l log(k/n)p(k) = :2/0 % log(x) dz
k=1

6
m2(a+1)%

Hence, using (6), for « > 0 we obtain:

1 6((1+ a)logn—1)

a—1
E 1 = 1).
notl — i og k (k) (14 «)? +o(1)
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