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+oo
2
The Problem : Evaluate Z(—l)“‘lC(nn), where ( is the Riemann’s zeta function.

n=1

Solution 1: We make use of the well known facts

. nin# -
nETooz(z—l—ly--(z%—n) =T (z) z € C ~ —Np, @
MNz+1) =zl(z) z € C~ —Np, @)
Ml—2)M(z) = -1 zeC Z 3)
sin(mz)

We have:

1 1 k=2
+o00 -1 +o0o + n
1" 1/k
1 _ ( ) + (_l)nfl ( / )
n n
n=1 k=2 n=1
+00
=In2+) In <1+ k2>
k=2
+00
= Z In (1 + k2>
k=1
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Now on account of (1),(2) and (3) we have

k=1

—1 o o (k1= ot TTg(k +1+1)
=In| U0 : — ! =
e am [ Tk=o (k + Ui [Timo (K +1)
_ (r(1)*
=l (F(l—i)r(1+1)>
1 1
" (ru—mrm)
(s'm(ni))

=In -

T

Solution 2: We make use of the well known fact (see [1] p.217)

i I T
z+k tan(mz)’

k=—o00

For z € C with |z| <1 we have

n=1 n=l1 k=1 k=1 \n=1
= 22 1 9 — 1
_Z@' 72 _ZZk2_Zz
k=1 1— = k=1
k2

z
=—00
1z i 1
2 2 z+k
k=—o0
. 1
"The double sum converges absolutely, compared with o
k>2n>1

“)
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so on account of (4) and since lim — — —— = 0 we have
z—02z 2 -tan (7mz)
d 1 T
2n—1
((2n)z = —— z| < 1.
Zl (2n) 2z 2-tan(mz)’ 2
n=

Now integrating, for jw| < 1 we have

5 [oni [(1 =
Zluzn)Jz dZ_J(zz 2-tan(7rz)>dzz>
n= 0 0
00 2n "
5L L) tnfsin - 21)
n=1 0
_11 w 1l' l -
_2n<sin(m)_2zlj})n<sm(w>
L w L

- = n<w) + ln (7).
n sin (71 w)

But since Z(—l) - o + kan and the two sums converge, (the second being
n=1 n=1 n=1 k=2
= mé2n)
absolutely convergent), Z(—l)“ converges and from Abel’s theorem
n=l1
+00
2
Z(—l)nM — limIn <W> +n (n)
—~ n woi sin (71 - w)

=ln (s’mgwr) )

The result is immediate.
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+00
The Problem : Evaluate the sum Z n (21/2 -1+ (142> % — <1é2>i e (=) (1:12) zln) .

n=1

_____________l'_“t.__n"_r—-\___f___""'—————

Solution : For a € R and x € (—1, 0], we will evaluate

Jion((H—x)a_l— (il)x_..._ (ﬁ)xn)

n=1

For a € NU{0} and x € (—1,0], or a € R and x = 0, the sum trivially equals O.
Let now a € R~ (NU{0}) and x € (—1,0). We write

(et (e () =2 T (9

n=1 n=l k=n+l1

It is easy to observe that for a € (m —1,m) with m € N, the summand (a) x* has sign sgn ((—1)™)

k
while k > m, thus, from Fubini’s theorem it is

£ £ (£ (B 0

n=l k=n+l1 n=2 \k=l1
B 1 +o00 ( 1) a N
= i nzzn n— <TL>X
1 +00 ,(a N +0oo a N
— 1 (Xn <n> _Zn<n>x
n=2 n=2
1
= 5 (Al ~B()). )
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+00
Now for x € (—1,0) we have (1+x)® = Z <a> x" so differentiating we get
n=0 n
+00
a(l4+x)% 1= Z ™l multiplying by x
n=1
+o00 a
ax(1+x)¢ 1t = < >nxn, differentiating again
n=1 n
+o0o a
a(l+x)* 21+ ax) = Z <n> n2x" 1, and multiplying again by x
n=1
+00 a
1 a—2 1 _ 2.n
ax(1+x)*“(1+ ax) Z<n>nx ,

SO

A(x) = ax ((1 %) 2(1+ ax) — 1) ,

B(x) = ax ((1 +x)4 1 — 1)

and (1) will give

+00 +00 a—
R

n=1 k=n+l1
Thus collecting, for a € R and x € (—1,0] it is

+0o0 _
Zn((1+x)a—1— (i‘)x_..._ (Dxn> _ (a—l)ax22(1+x) 2

n=1

1 1
2 X = 5 we have

+o0o
N T G L R
n=1

and setting a =
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The Problem : Show that

E (-1)* _ +0Mm ' In?n) n — 400
— Inm+%k)  2lnn )

Solution : We state and prove an elementary Lemma:

Lemma: Let N € Z. If f: [N,4+o00) — R is decreasing, then for every Z > M > N the
following inequality holds:

M+1 M M
J f(x) dx < Z f(n) < f(N) +J f(x) dx
N n=N N

Proof: Since f is decreasing, for N+ 1 <n <M we have

JnH f(x)dx < JnH f(n)dx =f(n) = Jn f(n)dx < Jn f(x) dx

n n

so summing from N 41 to M we get

M+1 M M
JNH f(x) dx < n%ﬂf(n) < JN f(x) dx
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and adding f(N) gives

= U
kgolnn—kk) nHLTooZ n(n+k)
_k:() Inm+2k) Inn+2k+1)/°

Setting a =n + 2k, for k > 0 and as n — oo we have

R S U PR
Ina Infa+1) lna 1 4+ (e

lna

_ 1 /In(l4+a™Y Lo (14 a™)
lna lna In? a

_ In(l1+a Lo <ln2(1+ a_1)>

In?a In3a
1
= +0(a2In?a). 2)
aln?a
Now from the Lemma, with f,,(x) = ! and gn(x) = ! respectivel
’ M T Mz m2m+2x) Y T et 2x) o e

we get that
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Z 1 +oo 1 L
aln“a n dx+O0Mn " In~
=0 In? JO (n+2x) In2(n + 2x) x ( n “n)

In(n+2x)=y 1
2Inn

+O0mn%n)

and

E —_ = d Om“In~
a?ln?a JO (M +2x)21n2(n + 2x) x+0Mm " n"n)

k=0
=0Mm ' In?n).

From (1), (2), 3) and (4) we get the desired result.

Comment: This problem appears as an exercise in [1].
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e The Problem : Proposed by D.M. Béatinetu - Giurgiu, Bucharest and Neculai Stanciu,
Buzau, Romania.

Let (ay)n>1, (by)n>1 be sequences of positive real numbers such that

. Ap+1 . bn+1
lim = lim =a>0.
n—+00 NAa,, n—-+00 n3bn

bni1 b
Compute lim "i—FL — /=2
n——+00 Ap41 a

e Solution : It is well known (look [1] p.46 for example) that 2, being a sequence of positive

numbers,
z
lim 2 —reR= lim ()" =0  (%).
n—+oo  z, n——+00

We set 2, = ——, sO

n"a,

Zngt _ boi (a”“)_l <1 + 1) RN (2n)" — e

Zn n3b, \n2a, n n+1 "

and therefore

(2. ) VDN b ! -
((”+ ) (Znt1) > — Zntl <a H) (zpyq) /D LN

= €.
n(z,) /" n3b, \n2a, n+1
Now
() ns VD 1/(n+1)\ ™
_— bn+1 o bl B 1/n n(zn)t/n (n+ 1)(Zn+1) -1
U 4 (Zn) 1 (n41)(zp41)1/ (nt1) In n(z )1/n e
n+ n 1 ( n(zn) /" ) n
since
n Zn 1/(n+1) (n Zn 1/(n+1)
n—1>+oo ln( n+1)(zn+1)1/<”+1>) o niﬂ{loo ((n+1 (Znﬂ 1/(n+1))
n(zn)l/" n(z l/n
—1
- lime ~1.
z—0
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The Problem : Proposed by Neculai Stanciu, George Emil Palade Secondary School, Buzau, Romania.

Evaluate: lim

2012x sin™t
x—0

——dt where n,m € N.
201x  t

Solution : More generally, let 0 < a <b and n,m € N.

1. For n — m > —1 we have

bX o1 rbx
sint n
J dt=| tvm (1 + O(tz))
tm
ax Jax
bx

= ™ (1 + O(t2)>

Jax

rbx
=| t"M+0 (t”“““) dt
Jax
bx
tnferl tnferS
- _ ym—m >0
n—m-+1 n—m-+3
o ax ax
bx 9 bx
Inft]|| +0(t ,mn—m=—1
ax ax

bn—m+1 _ an—m—H
anerl + O(Xn7m+3) ,TL—m > 0

n—m+1
b 2
lna+0(x) ,n—m=—1
0 ,n—m>0
x—0 b
In— n—m=-1
a
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b b(—x)

X o4 Tl.t _ i
sin qt ==y (_Un_mHJ sin ydy, M

Since J — -
t a(—x) Y

ax
2. Forn—m<-2:

e If n —m is odd, then for some 0 < ¢ < 1 and while x — 0" we have

(1—¢) < v <1
(1—¢e)™  sin™t 1
'tm*‘ll - tm - tTTL*TL
bn—m+1 _ an—m—i—l bx sin™t bn—m+1 _ an—m+1
1 _ n
=1 ) (n—m+1)xmn-1 = LX tm T (n—m+4 )xmn L
bX i1 bX i1 bX i1
. sint . sint . sintt
thus lim J dt = +o00 and from (1) lim J dt = lim J dt = +o0.
x—0F o T x—0" Jax x—0F Jor T
e If n—m is even, then similarly while x — 0" we have
(1 B e)ﬂ bnferI _ anferl be sin™t bnferI _ anferl
m—m+xmn-1 =] tm — (n—m+)xm
bXx o1 bX i1 bX i1
. sin™t . sint . sint
thus lim J dt = +o00 and from (1) lim J dt = lim —J dt = —o0
x—0F Jor T x—0" Jax x—0+ ax T
and the limit doesn’t exist.
Collecting we have
=0 ,n—m>0
b
bX i1
. sin™t =Iln— n—m=-1
leJ —dt a ’ .
x=0Jogx t = 400 Mm—m< —2 and n—m=odd

doesn’t exist ,n—m<—-2 and n—m=even
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The Problem : Proposed by Ovidiu Furdui, Cluj, Romania.

/2
Find the value of lim J Vsin™ x + cos™ x dx.

n—+oo 0

Solution : We set f,,(x) := V/sin™x + cos™ x, so

.fn(g)zlmuand

ln (14 tan™

e for x € {O, E), since f(x) = cosxexp (n(—l—anx))

2 n
T T . In(l1+tan™x) prn .. In(tanx)
e () T T ey (e
= fn(x) D2F0, Sinx and

ln (1+ tan™

< c [O,E} o g mUEEnt)

4 n—-+oo n

SO
sinx ,x € (E E}
n—-+oo ) 4) 2

fn(x) ——

cosx ,X € {O, g]

Furthermore, it is [f,(x)| < 2, so by the Dominated Convergence theorem we have

/4 /2

cosxdx—kj sinx dx = V2.
/4

/2
lim J vsinmx + cos"x dx = J

n—-+oo 0 0
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The Problem : Proposed by Paolo Perfetti, Department of Mathematics, Tor Vergata University, Rome,
Italy.

/2
Evaluate J 4 cos® x In?(cos x) dx.
0

Solution : At first, using two basic representations of the Digamma function V¥, i.e.:

r(x)

Y(x) = (InT(x)) = x € RN —N 6))
I'(x)
= — R~ — 2
Y+Z< x—i—k—l) x € R~ N, @)
we get some special values for ¥ and ¥’
From (2) we have that for x € R~ —N:
1 1 1
Y(x+1)—¥Y(x)=-— lim = —. 3)
X n—4oo X+ n o x
Furthermore, differentiating (2), 1 gives
“+00 1
Y(x) = —_— > 0. 4
() ;(x—l—k—lﬁ x @
Yor k > 1 1 — # has a continuous derivative and f ; converges uniformly on [a,b] with a > 0
-7k x+k—1 x +k — 1)2 g y y
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On account of the above we have

Y(1) = —y

3

Y2) 2 Y1) +1=1—v

3\ ©) 1\ @ < /1 I

— (k+1)2%2 6
w(d W,y L,
2 {2k 1?2 2

Now, for the given integral we have

dt.

7'[/2 7 1 tZl 2 t
J 4 cos® x In?(cosx) dx cogx=t 4J t
0 0ovV1—t?

But

| . r(e
JtdttixlB E)l :L?)
0o vV1—t? 2 \2°2 !

and by Leibniz’s rule, differentiating twice under the integral sign and using (1) we get

[ tam st O (e () o () () v (450 +w () - (45)):

2

For a = 3 and from the special values of ¥ and ¥’ evaluated above we have that

0 3
J /24coslen2(cosx) dx = @ F(Z) <‘P2 <3> —2¥Y(2)¥ <§> w2 (2) +y/ (3> -y’ (2))

0 2 T(2) 2 2
3
_™ 29 T
= 1 +7mln“2 —mln2 5"
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A solution to the problem 35 (Mathcontest Section)

of Vol.2 Issue 3 2011-2012 of MATHPROBLEMS journal
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July 22, 2012

1 M 2 2
The Problem : Compute lim SJ X X.
n—+oo N° Jy X +47

Solution : We have

1 J'nn2+X2 dx ny=x JI 1+y
0

nd Jo 57X +7 5 +7
But 4
1 — yelo
+y
57n9+7—> 1 and for y € [0,1],
g )y:O

which is integrable, so by the Dominated Convergence Theorem

1 M 2 2 11
lim J de—J ﬂdy:

n—+oo N3 0 5 X 4+7 o 0 7

1+vy 1+y
5-W4T7— 7
3
14
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A solution to the problem 43 of Vol.2 Issue 3 2011-2012 of

MATHPROBLEMS journal
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The Problem : Proposed by D.M. Batinetu-Giurgiu, Matei Basarab National Colege, Bucharest, Roma-
nia and Neculai Stanciu, George Emil Palade Secondary School, Buzau, Romania (Jointly).

Let a be a positive real number and T'(x) be the Gamma function (or Euler’s second integral). Calculate

xﬂﬂmOx+aHWx+mﬁbsm(Xia) x (P(x+1))¥ si n(i)).

Solution : From Stirling’s formula we have

VIrekH/2
e+ =2 — (1+0(x7)  x = +oo,
e
SO
l In 2
anW+U)—XMX—x+%§+rgﬂ+ow4) nd
l In 2
(F(x+1))%: lnX—l-f—E-i-M—i-O( )
2x 2x
~x lnx In2m 112
— ot ge Ty 1O (X)), M

For x +1 in (1) instead of x we get
1 —14..2
wu+myﬂzf+——+——f+f+o( In?x).
e e e

Furthermore,
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and therefore

1 1 In2
x(Mx+1))* sin [ - =§+ﬁ+ﬂ+o(x4m2x) and
X e 2e 2e
1 l In2 1
(X—FG)(F(X-FZ))%HS'LH zf—i-ﬁ—f—ﬂ—i———i-(’)(x*lhﬁx).
X+ a e 2e 2e e

On account of the above

(x+a) (F(x—&—Z))X%1 s'm( ! ) —x(l“(x—l—l))%s'm <1> :14_() (xfllnzx) Hl
x+a X e e
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The Problem : Proposed by Ovidiu Furdui, Technical University of Cluj-Napoca, Cluj-Napoca, Roma-
nia.

Let A denote the Glaisher-Kinkelin constant defined by

n
A= lim n /2 n/2-1/12,n/4 [Tx* =1282427130... .

n—-+oo
k=1
Prove that

+o00o
2p+1)—1 7
ZM:_X—GInA+In2+*»

+o00
1
where ( is the Riemann zeta function defined by ((s) = Z = for R(s) > 1.
k=1

Solution : At first we observe that for |x| <1 it is

2p+1 1 2\P 1 4
X _ (X) - = (ln(l_X2)+X2+X)

3 3
p21p+ X = P X 2
x 1 In(1—x%
—_——_—— —_— — . 1
2 x x3 M

Now we have
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+00

2p+1)—1 1 1
- 1
; p+2 ];erZ nZNnZP“
ZZ (n71)2p+1
_pzlnzz 'PJFZ
1 ZZ( 71)2%1
_n>2p21 'PJFZ
&_Z <2+n+n3ln <1—2>)
n>2

n=2
Hy N2 N 3
=— 1 — 4+ —4+ =—=-+4+InA
NlToo(z Tyt N)
But
N
B (n— 1)“3 (n+1"
An = nm H nn
n=2 n=2
N-1 3 N
1 53 (N+DN 11313
_ (k+13—Kk3 (k—1)3—Kk
TN Hk 923 Hk
k=2 k=3
3 N
2 NN+13
k=1
N 6 N3~ 3N24+3N+1/2
_ NfNZ/ZfN/271/126N2/4Hkk (N+1) N3 2 )
T IN (N+1)3 03N2/2
and since

Hny =InN+ v+ 0o(1) and

N 1N3N3N2+3N+1/2 N2 N In N 1
(N+ 1) =—F 75— L+f—ln2~l—o(1),

I NN g 2 2 2 2 '3

on account of (3), (2) will give

1 .
the summands are positive

@)

©))
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“+oo

B 7
ZM: lim <—Y—6lnA+m2++°m>
o Ptz Nofoo \ 2 6

which gives the desired result.
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A solution to the problem 51 of Vol.2 Issue 4 2012 of

MATHPROBLEMS journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

December 22, 2012

The Problem. Proposed by D.M. Batinetu-Giurgiu, Matei Basarab National Colege, Bucharest, Romania

and Neculai Stanciu, George Emil Palade Secondary School, Buzau, Romania (Jointly).
Let a € (1,00) and b € (0,00). Calculate

n
. Z (n+ k)t
nEToon< _eXp< (n+ k) ))

=1

Solution : We use that

1
Hn:lnn+y+ﬁ+0(n’2) n — 4oo.

Note that for m > 1, it is
1
Z o = O™,
k>n

since from Cesaro Stolz we have

(n+1)

lim n™! E = Ui -
n—-+o0 km n—too (M4 1)I-m —nl-m  note0
k>n+1

3
|

Now for a >1and b € R,

— lim (m—1+0(n*1))_1a7.

O

@)
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n

n—i—k“l =1 b 94
Zn+k Zn+k<1 (n+k)e o )>

k=1

n
=Hypn —Hy—b) ——— n+k O™
k=1

1),a>1 _9
——=In2- - -b) Hkaﬂ +0(n?)
k=1

2 1 i
ln2———b > o ka+1 +0Mm™7)

k=1 k=1

1 -2
ln2———b - ) ot | HOMT)
k>2n+1

(z)l 2_7_’_0( fmm{a2}>

On account of the above

N =

1 ; 1 .
n(2—expSapn) =1 <2 —2 (1 ~ omm‘”{a»?})» = 5+ O minebl) 253
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A solution to the problem 53 of Vol.2 Issue 4 2012 of

MATHPROBLEMS journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

December 21, 2012

The Problem. Proposed by Ovidiu Furdui, Technical University of Cluj-Napoca, Cluj-Napoca, Romania.

The Stirling numbers of the first kind denoted by s(n,k) are the special numbers defined by the
generating function

zz—1)(z—2)---(z—mn+1) ank
Let n and m be nonnegative integers with n > m — 1. Prove that

(—)™n!Il(n+1) ,m=1
m—1
o (I—x)m (—1)“+m—1(m“_!m ;(—l)is(m— Li)n+1—-1) ,m>2"

Solution : By repeated integration by parts one can easily show that for k a non negative integer and
T a positive integer we have

In"x nln™lx nn-1n"2x (—1)™n!
ky..m k+1
l = — —et . 1
J" noxdx =x <k+1 k+D2 T kx1)? +(k+1)n+l>+c M
Furthermore, we will use that
k —1
(1—x)m:Z< J”]: >xk x € (—1,1). @)
k>0

Now :

1 1 1
ln™ k —1 k —1
J (lixx)mdx(—)J ( —H]? )xkln“xdxl— E ( —H]? )J x*In™ x dx

0 k>0 0
K+m—1\ (—)"n!
k (

k>0 k+ 1t
- (k+m71)
2 _ 1) 3 _ +m—1
= (=1)"n! Z (kj: N e n'Z n+1

k>0
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But for m > 2, from the definition of Stirling numbers, we have

-1
—k—1) (~k—1)(-k—1-1)(-k—1-2)- (~k—1—(m—1—1)) 1 , .
(m—l) - (m—1)! ~ m—1)! 2_s(m=1,1)(=k=D)}
i=0
—k—1
and for m =1, < k ) 1, so,
m-—1
Uinnx
J dx = (—1)™nl¢(n + 1)
0 1—x
and for m > 2:
1 m— 1 i
In™x N n4+m— 1 m-—1 1)
Jo(l_x)de—(—l) |ZZ k+1n itl
k>0 i=
n = 1
4 n+m—1 : 1\ 13
i=0 k>0
nl m—1
S n+m-—1 : i : .
= (—1) —— ) (1)'s(m—-1Li){(n—1i+1)
(m—1)! ;
and we get what we wanted. ]
for fixed n, x*In™x is either non positive or non negative for x € [0, 1].
2( M - n . .
k) = (n -~ k>’ 1 non negative integer and k € Z
sf(r) _ [—r+k—-1} &
- (s e
iy -+ (z—m+2), from Vieta’s formulas sgn (s(m —1,1)) =

4n0t§ that, since s(m—1,1) is the coefficient of z'inz(z—1)(z—2)
(=)™ ", so, for fixed m, (—1)'s(m —1,1) preserves its sign
S2(z—1)(z—2)--- (z— m—2) has zero constant term.
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A solution to the problem 54 of Vol.2 Issue 4 2012 of

MATHPROBLEMS journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

December 22, 2012

The Problem. Proposed by Moubinool Omarjee, Paris, France.

Let f: [0,4+00) — R be a measurable function such that g(t) = e'f(t) € LY(R.); the space of Lebesgue
integrable functions. Find

n—-+oo 2

t+1 t—1\ "
limJ £(t) <4s'mhn2+ sinh ) dt
R,

ex—e ¥

where sinh(x) = 7

nt—l—ls, nt—1

. 1 .
Solution : At first we note that 4 sinh inh > 0& t > —, so we assume that the integrand
n

t+1 t—1\" t+1 t—1
is f(t)h(t)/™ where h(t) = <4$'mhhL 2+ sinh - 5 ) , Le. h(t) = <4smhn 2+ sinh 9 ) for

1
t> o and 0 for t € [0,1/n).
Now keeping the above notation, for t > 0 we have

n\" 1
h(t)/" = ((ZCosh(nt)—e—e> > Set<:e’“t§e+g

1
which is true since e ™M <1< e+ o
Furthermore, since g(t) € LY(Ry), it is f(t)"e', f(t)Te! € LY(Ry), so
[FOROY™| < (et = (F(1F = (1)) € L(R:)

1/n

and considering the fact that h(t)”/™ — e' for t > 0 we get

t+1 t—1\Um
lim J f(t) <4s'mh“ L Ginh I > dt = J f(t)et dt
R R,

n—-+oo 2 2

by Lebesgue’s Dominated Convergence Theorem.
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A solution to the problem #152 of Missouri State University’s Advanced Problem Page

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

Thursday 20/10/2011
= pink
e The Problem : Evaluate » (—1) o
k=1
" yInk
o Weset S, := Z (—1) —— and observe that the series converge from Dirichlet’s criterion,

k=1 k

n
since (—1)* has bounded partial sums and T is finally strictly decreasing to 0.

1
Hence Z nk = lim Sy,.

n—-+o0o

Now:

" In2k " In(2k—-1) 21
S = 2 o —Zw—Tézwgf—

k=1 k

1 & Ink <2” Ink <& ln2k:>

27_2 9k

" Ink 2 n k

2+ 3N -3 = w2, - Y

In(n + k) " Inn+In(l+k/n)
—— =1In2H, =
n+k Z n—+k

1 & In(l
1n2Hn—lnn(H2n—Hn)—fZM:

niz 1+k/n
12 ln(l + k:/n) Hy=Inn+~v+0(1/n)
HoIn(2n) — Hyylnn — — 5 —— 1 =
n(2n) on NN n;::l 1+ h/n
1 & In(1+4k/n) Uin(1 + x) In® 2
In2+4+0(1/n 7%12—/7d212— :
7H+(/)nkzl Tk 15, =7
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A solution to the problem #153 of Missouri State University’s Advanced Problem Page

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

Tuesday 14/11/2011

1

e The Problem : Evaluate the integral / [— Inz] dz, where [z] is the greatest integer less
0

than or equal to .

e Solution : At first we prove an elementary Lemma.
Lemma : Let a, = a; + (n — 1)a and b,, = b;0" ! with a,a;,b; € R, b # 1 be an arithmetic
and a geometric progression respectively. If ¢, := a,b,, then

" arb (1 —b" abib
ch: ! 1]_(—[) ) + (1 _1b)2(1_nbn71_‘_(n_1>bn)
k=1

Proof : We have

doen = Z ar + (k — )a)b b
k=1 k=1

n—1
= ab Z O+ abib Y k6!

k=1 k=1

albl(l — bn)

n—1 !
— AV T abh bF
{5 (S )

b (1) © abgh <b— bn>’

1-0 1-0
albl(l—b”) ablb 1
= 1_ ’I’L _1 n'
- +(1—b)2( nb"" 4+ (n —1)b")

Now since for k£ € Nj it is

k< —-Inz<k+1ee®D < <e™ we can write


http://www.akotronismaths.blogspot.com

1 100 ek
/)[—lnx]dx = %A(Hl)[—lnx]dx
+00 ek
= X [, kda
jmo Jem Y

—+00

= Z k (e_k — e_(k+1))

k=0

+oo
= (1—-¢eh Z ke *
k=0

1 . - —k
= (—e) lim ) ke
k=0
-1

= (1—-eY lim (1_661)2 (1 —(n—1) (e_l)n—2

. + (77, — 2) (e_l)n—l)
1 e! 1
= (-e )(1—6—1)2_6—1'

n

() By the Lemma with a,, = n and b, = e™".
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A solution to the problem #158 of
Missouri State University’s Advanced Problem Page

Three Infinite Alternating Series

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

September 26, 2012

The Problem : Find a closed form for each of the following alternating infinite series:

1.2.3.4 2.3.45 3456 4567

Solution : Using the notation I'(k + 1) = k! for k € NU{0}, where T is the Gamma function, we will,
more generally, show that

- 1 __on - (1/2)"
2 R )~ Fm D <m2—Z K > m el

k>1 k=1

Using the identity I'(k +1) = kI'(k), k > 0, by a direct calculation we see that
k) 1 < I'(k) Nk+1) >

Fk+m) T(k+rm=+1)

m € N. @®

MNk+m+1 m

n
1
Now setting Ay == E (—1)kt )
— k-(k+1)---(k+m)

m € NU{0}, on account of (1) we have:
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1 i(_l)m rk)  T(k+D
_mk:1 Frk+m) T(k+m+1)
1 1 rn+1) i . T(k)
= ()42} (e
m (F(m+1) T e ;( A Yy
1 1 Nn+1) 1
=—|0—4+(-)"—+2 [ Apin— =
m<r(m+1)+( ) FMntm+1) | m-ln r(m+1)>>’
°0 1 1 rm4+1)
n-+
Apn=—[-———+(-1)"——— 4 2A
m,n m< r(m+1)+( ) r(n+m+1)+ ml,n>>
and, since for m € NU {0} by Dirichlet’s criterion Z(—l)k_lL converges and for m € N we
’ k>1 Flk+m+1)
Mn+1 . w1 Tk :
have (_1)nf“(11(—i-rn—31) — 0, setting A, = g(—l)k 1[‘(k—|—(m)+1) and letting n — 400 we have
1 2
An=—————+—An_ . 2
m mF(m+1)+mAm b meN @
Since Ag =In2, with a simple inductive argument, (2) yields
gm = (1/2)F
An=—=———[In2— .
™ r(m+1)<“ ; k) men
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A solution to the problem H -706 of Volume 49 Number 3, August 2011 of The Fibonacci
Quarterly

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

Wednesday 9/11/2011

-1
1/ & 1
e The Problem : If S, = = < > k2—n2> , show that S,, ~ 7(n) as n — +oo, where

2\
=n+1
7(n) is the counting function of the primes p < n.

e Solution : By the restricted form of the Euler Maclaurin summation formula, '

if f : [a,b] = R where a,b € N is continuously differentiable on |a, b], then

kZ:f(k) = [ py e+ TOTTD P (0 0 i e

where {-} denotes the fractional part.

1 , 2
We apply this on f,(z) = 2 o [n+ 1,3n] with f,(z) = —(332_1;12)2 < 0, so we have
3n 1 3n 1 fn(Sn) + fn(n + 1) 3n 1 )
k:;kl n?2—kz A—i—l 22 — n? dv+ 9 +[l+1 ({m}_Q) fo(2) dz
1 n+1 8n?2+2n+1 3n N
3 SRR
2n n( 2 ) 32n3 + 16n2 it {z} 9 fo(z)dx
|
= % + O(n_l), since
1 n+1 Inn
7]. = _ -1
8n?+4+2n+1 .
on e T - q
3213 + 16n2 O(n )7 an
3n ]_ ’ ]_
[ (1= ) pwa] < 2ENELEE o0
n+

! See [1] p.117
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This finally gives

1 /Inn R n 1 L n —9
= _ " (1+00 - 1
: 2<2n +0(n )> lnn( +0(n n)) lnn+0(nn n)
and we immediately get what we wanted as m(n) ~ li
nn

References

[1] H.S. Wilf Mathematics for the physical sciences , Dover Publications Inc., New York,
1962



A solution to the problem B -1091 of Volume 49 Number 3, August 2011 of The Fibonacci
Quarterly

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

Wednesday 9/11/2011

too 1 n—2
e The Problem : If S,, = (Z o

k

) , show that S,, ~ asn — +oo.

V5

1
= — < 1. Now

= q and 5
a

e Solution : At first we observe that

Too 1 400 L 4444{447 _ +aaa7k 4444;24447

k:nfk \/gkz:;la <1—(Z)k> \/32_: <1_(_a_2)k>
- S (1406 = VB (o 0l )
= \/_Za—m_@(z )Za_n+lcz\i_l+o(a_3k+3)

k=n
= V5a "2 4+ O (a7 ) (n — +00),  so

a

n—2 an—2

V5

S, = <\/5a—n+2 + O(a—3n+3))fl _ a\/g (1 1 O(a—Zn—i-l)) _

and from this we get directly the desired result.

+O(a™" 1),
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A solution to the problem H-709 of Vol.49 No4 November’s 2011 issue of

The Fibonacci Quarterly

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

May 21, 2012

The Problem : Proposed by Ovidiu Furdui, Campia Turzii, Romania.

a) Let a be a positive real number. Calculate,

lim a"(n—{(2) —¢(3) —...—¢(n)),

n—+oo
where ( is the Riemann zeta function.

b) Let a be a real number such that |a| < 2. Prove that,

3 @M (n—0(2)— (3 — .. — ) = (P ),
n=2
where V¥ denotes the Digamma function.
Solution : We will use the well known identity
<1 1
W(X):_Y+£<m_>m—1>’ x € R~ =N U{0}. @
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Now
n n —+oo 1
o (n-Faw) e (i35 L)
k=2 k=2 m=2
+o00 TN 1
1_
=a (1— ka>
m=2 k=2
o Lo
m21—m-!
m=2
+oo 1 +oo 1
=a’ <I_Zm2_m+z mn+1_mn>
m=2 m=2
+o00 +o00
1 1 1
:an<1— <n1—1_m>+zmn+l_mn>
m=2 m=2
+oo an
:Zanrl mn
m=2
_*fl(a)“
m—1\m/ "’
m=2
so,
a)
a—2\"
:O<(1+ 9 >>—>O ,0<a<?2
an <n—ZC(k)) =14+ 0((2/3)™) — 1 Ja=2
k=2
—92\"
> <1+(12> — 400 ,Cl>2
and

s ..
Since the summands are positive
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b)

+00
D at(n—{(2)-¢(3) —...
n=2

%Since |al < 2, we have absolute convergence.

m=2 n=2

-3 ) ()

o —1\m 1—%
+o00 1

_ 2

- Zm(m—l)(m—a)
m=2

& 1 1 a
_amzl((m—i—l) TA—amii—a (1—a)m>

a /1 1 =1 1
:l—aZ<m_m+1—a>_aZ(m_m+l>

<‘i’(2—a)+y )
al ———————1].

1—a

(1
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A solution to the problem 3616 of Volume 37 Number 2 issue of Crux Mathematicorum with
Mathematical Mayhem

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

Monday 14/11/2011

e The Problem : Proposed by Dinu Ovidiu Gabriel, Valcea, Romania.

Compute lim n
n——+00

ok (tan_l nk  tan~l(n* 4+ 1)

e — R ),wherekeR.

e Solution : At first we note that it is

andsincex21:>0<§§1,weget

1 1 1
g - tan_l T = tan_l ; = 5 — ﬁ + O($_5), SO
1 1
tan_l,’L‘:E_f 7_‘_(9(1,—5) $>1

tan~! 2
oIf k=0 we clearlyhaveL:Z— an

2
tan—1nk kL O(n3k
oIf k <0, itis - 2 w_nt k(n ) = 14 O(n*) so obviously L = 0.
n n
n* 1 1

oIf k > 0, since = — — — + O(n"*) we got

L+nF 14+n* nb p
ok <tan1 n®  tan~l(n® + 1))
n —

nk nk+1

1 /7 1 1 T 1
2k —3k —3k
n (m(z‘mw(” >)‘nk+1(2—nk+1+o<” >>>:

E By T
2+(9(n)—>2.
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A solution to the problem 3618 of Volume 37 Number 2 issue of Crux Mathematicorum with
Mathematical Mayhem

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

Monday 14/11/2011

e The Problem : Proposed by Ovidiu Furdui, Campia Turzii, Cluj, Romania.

400 400 n
Let ¢ > 3 be a real number. Find the value of Z Z —.
n=1m=1 (TL + m)

e Solution : The summands being all positive we can sum by triangles :

+o00 400 +o0 n—1 +o00
B Zk 1k 1 n(n —1)
D T P
1 /% 1 = 1
- 2<nz::2na2_nz::2nal>
 (la=2)=(la—1)
2 )

where ((x) is the Riemann zeta function.
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A solution to the problem 3624 of Volume 37 Number 2 issue of

Crux Mathematicorum with Mathematical Mayhem

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

April 9, 2013

The Problem : Proposed by Ovidiu Furdui, Campia Turzii, Cluj, Romania.

Calculate the sum

+o00 _
(_l)n 1 1 1 (_l)n-i-l
1 =+ — —
n 2 + 3 + n
n=1
Solution : For x <1 we set
m n
-1 n—1 Xk
i)=Y ) (—Zk) ,
n=1 k=1
so we search for lim f,(—1).
m—+4o00
We have
m n !
(71)71—1 Xk
/ _
fmnlx) = Z n B Z *
n=1 k=1
m n—1
-1 n—1
n
n=1 k=0
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and set y = —1 to get

n n o 1—x
n=1 n=1
m _ m a1
=t (=1t J 1t
In 2 — dt
n=l1 n=1
:=Am + Bn. @
Now,
Am — In?2 2)

and from Monotone Convergence Theorem we have

1 10 1n 1
1 t In(1—t
b | S T

01+tn:1n 0 1+t
Furthermore,
1 1 00
1—t 1 t
_J =1 4 j 1 dy dt
0 1+t Jo 711+t1+yt
) 0 1 t
—  — _dta
HJO (+td+yt)
r0 1
1 1
= — dtd
J_Jo(y—l)mt) Y—Da+yt)
C(® 2 In(l+y)
Joiy—1 yly—-1
0
In(1 In(1
:_”‘22+J n(l+y) In(l1+y) ay
1Y y—1
1 o 1 _
Yy=—x —anZ—J ln(l X) dX+J ln(l X) dX,
o X o 1+x
SO

1 - . . . .
From Tonelli’s theorem, since the integrand is non-negative.
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1 1— 2 1 1—
J In(l—1) dt In=2 1J In(1—x) dx
0 1 +t 2 2 0 X
n?2 1 Jl o« X!
2 2 On: n
2 W2 1y Jl ot
2 2 o n
n=1
2 1T 1
2 2 n2
n=1
_ In22 B TLZ
2 12°
With (2) and (3), (1) will give
“+oo _
(=t 1 1 (=1t In22
1_ _ _ —
n 2 + + n 2
n=1

*From Monotone Convergence Theorem.
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A solution to the problem 3637 of Volume 37 Number 3 issue of Crux Mathematicorum with
Mathematical Mayhem

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

Monday 14/11/2011

e The Problem : Proposed by Ovidiu Furdui, Campia Turzii, Cluj, Romania.

Let = be a real number with |z| < 1. Determine

n

+00 IQ .
Z(—l)n—ln <1n(1 — CL’) +x+ 5 I n>
n=1

e Solution : For every z € (—1,1) and m € N we have

B YT R S A UL s 1 g

SO

S (-1 (111(1 S ”Z) _

n=1

= (m+ 1)y™t! z mym 2

T Y m 1\m
b T OV Ao OV Ty aE

mﬁ_tool(

— tanh ™! )
5 an ),

z+1

since the last two integrals go to zero as m — +00 by the Dominated Convergence Theo-
rem.
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A solution to the problem 3512 p.46 of issue 36: No 1 FEBRUARY 2010 of Crux Mathematicorum
with Mathematical Mayhem

Anastasios Kotronis, Heraklion,Greece

Tuesday 13/7/2010

LetacRand Rop > 1

We make use of the well known facts that:

1+X§ln(1+x)§x, x> —1. 6y}
and that
Iff . [0, — Risa contihuous function, then
.1 _/k !
dm 03 o() = ] e ax @
L A SenP + (a— ket -
et now A, = 1_[1 5 w1 - lhen
n n
B nP 4+ (a—1)kP! B nP + (a—1)kP! B
lnAn—lnq;[l 1 )—k_lln< Pl )—
n
akP~!
> (14 =)
k=1
p—1 p—1
Using now (1) with ————— for x and considering that ————— > 0 for n > 2, in the case
. np — kP np — kp
p—
a > 0, while e > —1 for n > (1—a), in the case a < 0, we have
akP ! -1 -1
np—kp—1 (lkp akp
I e <tn 1+ np — kP—l) St @)
for k=1,---,n.
It also is
akp~! a a n+a-—1
1 =1 <1 =
+nP—kP*1 +k2i1 1~ +n—1 n—1

so (3) becomes
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p—1 -1
Wl (14

akP! akpP~!
. ) <
n -kl nta—-1-

np — kp-1 np —kp-1
fork=1,---,n

Adding up we have

n—1 « akr! = akp!
hta-1 nv—kp—lgmAngaan—kv 1 @
k=1 k=1
n
akp~1
We proceed computing lLTOO ; e
akp~! 1 ¢ ( ) .
Writing Z o v Z kP ——— and observing that
1 p-1 kPt
1—7—1—L<1_7<1 k=1---,n
n np np
follows that
1“k11“<k)pi1 1 1 & /kyp!
P— n P—
— e < = - _
n (n> _nzl_k"“_l 1 nZ(n>
-1 k=1 np k=1

Now we use (2) with f(x) :=xP~! and the squeeze theorem to get that

K \P 1
R C) N U
lim — Z -~ = | xP T dx=—
e 0 p
Going back to (4) and using again the squeeze theorem one has

. a
lim InA, =—
n—-+oo

Now we wright

. _ limnoteolnAn _ 8
lim A,=c¢e¢ =er,
n—-+oo

by the continuity of e*, which concludes the proof.

2 Typesetting : TATEX


http://www.akotronismaths.blogspot.com
mailto:akotronis@gmail.com

Anastasios Kotronis www.akotronismaths.blogspot.com akotronis@gmail.com

A solution to the problem 3604 p.46 of issue 37: No 1 FEBRUARY 2011 of Crux Mathematicorum
with Mathematical Mayhem

Anastasios Kotronis, Athens, Greece

Thursday 7/7/2011

We have

A f(l)(XZ —x—2)"dx _ ﬂ)(—xz +x+2)"dx _ f(l) fo(x) dx
f(l)(4x2 —2x —2)"dx f(l)(—élxz + 2x + 2)" dx f(l) gn(x) dx

) 1 1 1 1
but we easily see that <2 —x) =fn (2 +x> and gn <4 —x> =gn <4 +x), SO

2 [ (2 +x +2)" dx
2 [/ (—4x? + 2x + 2)™ dx + ﬁ/z(—4x2 +ox+ 2 dx

b

Now

1/4 o 1 (V2
J (—4x? + 2x + 2"dx = ZJ (—y? + y + 2)"dy and
0 0

1 1
x= 1
J (—4x® + 2x + 2)"dx 2yt J (—y2 —y + 2)"dy, so

1/2 2 Jo
A — 2 [ (—x% 4+ x +2)" dx 24 ap0 2
[P x4 2mde+§ [yl —x+2mdx antgbn L4gg

1 1 2 n
b —x* — 2
Since 2a, = J (—x? 4+ x +2)"dx > 2", we have 0 < — < J (XX—F> dx — 0 by the Dom-

0 2Cln 0 2
<—x2—x+2 —XQ—X+2>n pw
2 9 )

n
5 > ganeNVxe[O,l]and<

inated Convergence Theorem, for,

. The required limit is hence 2.

0 ,xe(0,1]
1 ,x=0

Comments : A) Apart from the above "ad hoc" solution, there are powerful methods which can estimate
b

the behavior of functions of the type I, = J g(n,x) dx where —oo < a < b < 400 as n — +oo under

specific conditions. A proposition know as "ghe Laplace’s Method" is applicable here, namely :

Proposition 1. Let ¢(t), h(t) : [a,b] — R, where b € R U{+o0}, functions for which the following hold
i) ¢(a) #0,
ii) ¢(t)e*"™ is absolutely integrable in [a,b] for every x > 0,

iii) h(t) has a unique maximum at t = a and sup h(t) < h(a), where 1 any subinterval of [a,b] with a € 1,
tel

i) h”(t) is continuous in a neighborhood of a and h,(a) =0AN h”(a) < 0.
Then:
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b
lim x%e009) | (et at = gfa), [t

X—+00

Proof: We assume that ¢(a) > 0. For the other case the proof is similar. Let ¢ > 0. From 1), iv) and
Taylor’s theorem, we find & > 0 with

1) 0<dla)—e<Plt) < b(t)+e
telg,a+8=2h (@—e<h' () <h"(a)+e<0

3) h(t) = h(a) + %(t— a)’h /(E,) forsome & € (a,a+ )

From the above relations now, for t € [a, a + 8], we have:

1" "

h'(a)—e<h’(&) <h'(a)+e=

S(t—a(N(@) = ) < gt— PR (&)( =h(t) ~h(@) < gt - P (@) +e) <0

X2 (w () xpe 2 (!
(¢(a)_£)ez(t a) (h (a) £)+xh(a) < $(t)et < (d)(a)+e)e2(t a) (h (a)+s>+xh(a)-

But

2 oo 2 oo 2 \/T A 2
A/ — T dt— Tt =4/ — [1- == Y dt 0
XA (Jo ‘ J %56 ) 2xA \/ﬁj %56 g

+00

with J et dt “=75° 0 and similarly for B instead of A. Hence
XA s

2

b —
'This can equivalently be written J G(t)e™ ™ at Xl ¢(a)e*e ZXTZT(a)’ i.e. the function of x at the left, when
x — +00, behaves like the simpler func‘tlion at the right.
If we had assumed that ¢(a) < 0, we would have the reversed inequalities here
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(@(a) = )™ [ Al) <

a+d
| owenars )
a
wa [T g
(d(a) +e)e™™ [T B(x),
2 J"HX’ 42 2 [t 2 xo+oo
where 1 — — e ¥ dt:=A(x),B(x) :—1—J e b dt 1.
VARNES: ’ VARNET
To find bounds for the integral on the rest interval we write :
b b i) b it)
J d)(t)exh(t) dt' _J |¢(t)|eh(t)+(x—l)h(t) dt < J |¢(t)|eh(t)+(x—1)M dt <
a+d a+d a+d
b
el UM | p0leh e — kel I, (2)
a

for some K > 0, where M := sup h(x) < h(a).
x€la+8,b]

Now ((1) + (2)) - x/2e ) =

from were we have that

— b
(b(a) —¢) WS—EJ < 3liminf, lim sup x/2eMa) L d(t) eV at <
—T

a)+e) ) ———.

(¢(a) +e) 2(h"(a) +¢)
Now letting ¢ go to 0, we get
b —
lim xl/zeXh(a)J dt) e at = ¢(a) #, as we wanted.
x—+00 a 2h" (a)

B) 1) In the case that h has its maximum at an interior point xo of [a,b], then, integrating seperately
at the subintervals [a,xo] and [xq, b], and applying the proposition for each of them, we get

*We assume that x goes to +oo through an arbitrary sequence x,, and we do not show the index throughout the proof. So
lim inf, lim sup, refer to n
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b
X o — —2m
et g I 9 xh(xo) T _ xh(xo) ‘

2) If the rest of the conditions of the proposition hold, and h has its maximum at the endpoint a with
h (a) # 0, then approximating h(t) with h(a) +h (a)(t — a) at the neighborhood of a we end up with

xh(t)
) d(t)e™ dt h(a)

J'b X—+00 (I)(CI)CXh(a)
3) If the rest of the conditions of the proposition hold, and h has its maximum at the endpoint b < 4+oo
with h (b) # 0, then similarly with 2), we get

d(t) e at

Jb x—-too (b))
a xh'(b)

17

4) If in the general case we have global maximum at the point ¢ € (a,b), with h/(c) =h (¢)=...=
hm(¢) =0 and h™(c) = 0, then

b x(c) 1/m
<h(t) 44 X0 20(1/m)d(c)e ( m! >
L d(t)e™Y at - T _

If specificaly we have ¢ = a, we have the above relation multiplied by —1/2 at the right, and if
¢ = b < +o0, we have the above relation multiplied by 1/2 at the right.

1 1

C) For the proposed problem, using the proposition, writing J

(—x%4x+2)" dx = J
0

exp (nln(—x2 +x+ 2)) dx
0

1

1
and { (—4x® +2x+ 2)" dx = J exp (n In(—4x? + 2x + 2)) dx, we have the conditions fulfilled so imme-

diate ?y 0
In/4 T
f(l)(—x2 +x4+2)"dX nieo © " 6n/9 0
- vV
Jo(—4x2 +2x +2)" dx edn/4 I

and the result follows.

D) The above proof was a "details added version" of the one presented on the first book of the list
below. A proof which gives a better estimation of the function defined by the parametric integral can
be found on the second book of the list below.
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Problem of the Week

Department of Mathematics, Purdue University

Fall 2012 - Problem No. 4

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

September 20, 2012

The Problem :

(@) Prove that if f is continuous on [0,1] and differentiable on (0,1) and satisfies If/(x)l < M for some
positive number M then

M
(b) (optional; the problem will be counted as solved if part (a) is solved) Show that the o of part (a)

M
can be improved to —.
2n

Solution :
(@)
1 n—1 n—1 k+1
1 k n k
J f(x)dx—Zf() = J f(x)—f() dx
0 o \* o \Un n
n—1| .k+1 k
n k\ f(x)—f (=
F[F (k) o,
=0 9% n X~
n—1| k+1
n k /
1= J (x—)f(é)dx
3 n
k=0 |
n—1 .k+1
n (k+1
2 <M J <+ _ k> dx
=09 n n
_M
=

'From the Mean Value Theorem, for some & € (H’ T) C (0,1).

%Since |f (x)] < M for x € (0, 1).
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(b) As in (a),
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Problem of the Week
Department of Mathematics, Purdue University

Fall 2012 - Problem No. 13

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

November 20, 2012

The Problem : What is the maximum value of a and the minimum value of b for which

1 n+a 1 n+b
<1+> §e§<1+>
n n

for every positive integer n?

Solution : The problem is equivalent to finding the maximum value of a and the minimum value of b
for which

> L
“ln(1+1/n)
and vn e N.
1
< - -
Swmirym "
Setting f(x) := 1 1 x € (0,1], we have that
& T ln(l4+x) X’ i
V1 1
£(x) = <ln(1+x) _ ) FxindEx)£x 0,1,
VI+x) x2V14+xIn2(1+x)
d X 2vV14+x—(x+2) . .
But M <1n(1+x)— \/m) = 511 )2 < 0 for x € (0,1 and since xlg(]ﬁ In(1+ x) —
X
=0 we get that f'(x) < 0 on (0,1] so f is strictly decreasing on (0,1].
T g 1 (x) (0,1] y 1 g 1( 1
Furthermore, f(1) = na —1and xlﬂ?)h f(x) = Xll%h 21000 x =3 so the desired values are
1 1
a—m—landb—ﬁ.
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A solution to the problem 188 of Vol.14 Num.4 2011 of

La Gaceta De la RSME

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

November 28, 2012

The Problem : Proposed by Neculai Stanciu, "George Emil Palade" Secondary School, Buzau, Rumanta.

+00
Let {xn}n>1 be the sequence defined by x; = 2 and xn11 = T x for n > 1. Evaluate HX“'
n n=1
a . . a 2 2b
Solution : We set xn = —*, so from the given relation we have —-+ = — = ™ and hence

we can write

EERBE BRI

But A has eigenvalues A; = —1 and Ay = 2, so for
1
P [7\12—0 7\22—0} - [_21 ;} with P = i 13
6 3
we get
. 2(—)m+2m  2(—ntl 4 on
PIAP = [ _01 (2) ] , and hence A" =P [ (_é) 2(1 ] pl= (_1)n§1 4 on (_1)n+§+2n+1 ,

3 3

so (1) will give
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Finally,

2 (D)™~ +2m) IE[X AR 3
n — (_1

n = T g gnt JN-T 9N = ) 2 -

N W

n=1
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A solution to the problem 190 of Vol.14 Num.4 2011 of

La Gaceta De la RSME

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

May 20, 2012

The Problem : Proposed by Pablo Ferndndez Refolio (estudiante), Universidad Auténoma de Madrid,

Madrid.

Denoting by A the Glaisher - Kinkelin constant, which is defined from

prove that

n
A= lim n /2R ATk — 19894
k=1

n

+00 2n%4n—1/6
( (1+1) ) _ Vo

Solution : It suffices to show that

But

, ) n n 1 2k%24+k—1/6
Cn = Tlizn 72n71/36n 1_‘! k4k 1_‘! eizk <1 + k) — V2.

(k + 1)2(k+1)273(k+1)71/6
k2k?—3k—1/6

n
Cn _ n72n2721171/36n2 H(k + 1)672k
k=1
2 n
(n+ 1)2(n+1) —3(n+1)-1/6 o
- n2n?+2n+1/3 e” H(k + l)e
k=1
(n+ 1276 ) (n 4 1)
n2n?+2n+1/3 € en(n+1)

_ (4 1 2n24n—1/6 n
- +E nntl/2en
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2 n+1/2
\/?:n (1 + O(n‘l)), SO

and from stirling’s formula it is n! =

2n%+4n-1/6

Cn = V2me 2" (1 + 1) (1 + O(n_l))
n
= V2mexp <—2n + (2n2 +n— 1/6) In <1 + i)) <1 + O(nfl))
= V2mexp < 2n+ (2n% +n— 1/6) <r11 ﬁ + O(n3)>> (1 + C’)(Tfl)>
=v2re™ ) (14 0™ - Var.
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A solution to the problem 1260 of Spring’s 2012 issue of

Pi Mu Epsilon journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

April 25, 2012

The Problem : Proposed by Paul Bruckman, Nanaimo, British Columbia.
Prove the following identity, valid for n =0,1,2,... :.

(3] n—k 1
( )4k3“3k - (4“*1 4 6n+ 5) .
- 9

wl3

2k
k=

Solution : We use that

<n): 0<n<m, nmeN @
m
xk n
U_W:Z<k>xf‘ k € NU{0} @)
n>0
1 n
o = - m D ®
n>0
3]
. . n—K\ yon-sk
and compute the generating function of the sequence 9K 4*3 .
k=0

We have
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)2k Xk ( (3X)2k

1— 3x)2k+H

3x—1
(x —1)2(4x — 1)
4 1
T9(1—4x) 9(1—x)

3) 4 +o0o 1 +o0o 9 +o0o
= §Z(4x)“ — §Zx” +3 D> (n+1x"
n=0 n=0 n=0

< 4L 6n+5
#X .

2
3(1—x)?

+

n=0

Equating coefficients we get the desired result.
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Problem of the Week
Department of Mathematics, Purdue University

Spring 2012 - Problem No. 2

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

January 24, 2012

T+2243 4+ +(n=-1"+ "
The Problem : Find lim (=D +n"

n—+oo n"

Solution :

We have

1
DY g DY Y N (e
m = lim ——
N—>+00 (n + 1)n+1 —nn N—+00 (n + 1)n+1 —nn
) 1
lim ———
n—+00 (1+1)
TS

1
1-0-¢!
1

and since n" increases to +oo, by Cesaro - Stolz theorem it is

i P+2243+..4(n=1D"1+n" DY asy S YA &
im = =
n—+oo nn n—+oo (n + 1)"+1 —n"
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Problem of the Week

Department of Mathematics, Purdue University

Spring 2013 - Problem No. 5

Konstantinos Tsouvalas, University of Athens, Athens, Greece, kostastsouvalas@windowslive.com

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

February 6, 2013

The Problem. Find lim

n—-+oo

+0o ,—Xx
e~ *cosx
| T e

0o L4nx?

Solution 1: We have

+oo ,—x . o ,—y/n
J e1 cosx o y—:nXJ 62 cos (E) ay
0 = +nx? o y-+1 n

e y/m y 1 Foo T
but cosS (—) < -, y > 0 with J ——— dy = - so, since
y2 +1 n y?2+1 0o Y+l 2
—y/m 1
ez coS <E> — 5 y > 0,
y+1 n y-+1

from Dominated Convergence Theorem we get

T e X cosx oo T
0 = +nx o y*+1 2

Solution 2: We have

+oo
J T e X cosx

1 5 dx = [ cosxe ™ tan!(nx)
0 n + nx

+00
+ J tan "I (nx)e *(sinx + cosx) dx

0 0

+00
= J tan I (nx)e *(sinx + cosx) dx
0
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+o00
but [tan~!(nx)e *(sinx 4 cosx)| < me ¥, x > 0 with J e “dx =1 so, since
0

Ee_"(s'mx+cosx) x>0
tan "' (nx)e ¥(sinx + cosx) — < 2 e
0 ,x=0

from Dominated Convergence Theorem we get

dx — —

J'+°° e *cosx T[J'+O°
0 %—anz 2

. s
e *(sinx +cosx)dx = —.
0 2

Comment: This problem appears at Problems and Solutions in Mathematics by Ta-tsien Li, Chen
Ji-Xiu, Second edition 2011 p.422.




Anastasios Kotronis Anastasios Kotronis

Problem of the Week

Department of Mathematics, Purdue University

Spring 2013 - Problem No. 7

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

February 27, 2013

+o00 1

The Problem. Find the radius of convergence of the MacLaurin expansion of J P
0

t
Solution : Let b be a real number with 0 < b <1 and x € R such that % < b for all t > 0, which
gives that |x| < be. With the above conditions we can write:
JJroo 1 4 JJroo e—t 4 JJroo Z ( )nfl nt d
t = ——dt = —xt e t
t
0 et +xt o 1+ % 0 =i
. [T Kt=z (=)™ [t 1
= Z (—x)"™ J t" e dt "= Z “J e 2" ldz
n>1 0 o1 0
n!
=) (Ut

with the change of integration and summation order in * being justified from Fubini’s theorem

(http://en.wikipedia.org/wiki/Fubini%27s_theorem#Theorem_statement), since | (—xt)n*1 e M <
+0o0

b et and J Z bMe ' dt converges.
0 n>0
Since b was arbitrary we get that the radius of convergence of the MacLaurin expansion of

teo 1 n!
J ———, dt is e and, furthermore that it's MacLaurin expansion is Z(—l)“ixn.
o et+xt = (m+1)n

Comment : It can, furthermore, be shown that near the singularity x = —e, we have

+00 1 2 12
J n dt ~my/Z(x +e) V2,
o e +xt e

in the sense that the quotient of the two quantities converges to 1 as x — —e™.

1

'See http://wuw.artofproblemsolving.com/Forum/viewtopic.php?f=67&t=521949.
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A solution to the problem #679 of Spring 2011 issue of The Pentagon journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

Saturday 26/11/2011

e The Problem : Proposed by Hongbiao Zeng, Fort Hays State University, Hays, KS.

Suppose that f(z) is continuous and bounded on (0, +oc0) and the sequence
{f(n)}!2 doesn’t converge. Show that for any positive constant M, there
exists an xo > M such that f(zq+ 1) > f(zo).

e Solution : Suppose that there exists a positive constant M such that for every z > M
itis f(z) > f(x + 1). Applying this for x = ng := [M] + 1,n9 + 2, .. .3, we get

f(no) = flno+1) > f(no+2) > ...,

which means that {f(n)}, is finaly decreasing and since f(r) is bounded, {f(n)},>] is
convergent, which is a contradiction. The assumption of the continuity is not necessary.
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Iterated sin sequence

Let xy € (0, 7) fixed. For n € N we set z,, = sinx,,_;. Show that

32 332Inn
Ln = nl2 — 10n3/2

+O(n=3?).

The above exercise generalizes the well known one, found in the most analysis problem
books, which asks 1_131 \/nx, to be found.

The presented solution has the advantage that can be applied to many cases of an z,, =
f(x,_1) iteration in an almost identical way, it provides more information than just finding
the coefficients in the asymptotic expansion of x, and that the coefficients themselves
occur in a more "natural" way than from "ad’ hoc" successive applications of Cesaro Stolz
theorem.

solution
We directly see by induction that z, € (0,7) so x,,; = sinx, < x,, hence x,, is strictly

decreasing and converges to ¢ = 0, since ¢ = sin / holds.
From the taylor expansion of sin we have

Tpgp1 = Ty — + =+ (9(:62), (n — 400)

and we use this and the taylor expansion of (14 )" to find an a € R for which z{. | — ) —
ke R

ZES X “
a a n n 7 a

o ari ax, ala—1)( wzi @z, o) 6
- <_ 6 120 2 <_6 10" O(x")> +O@)
a4 4ro  Sa+dala—1) .., ot6
= —— @

so for a = —2 we get
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+ Oz (1)

-2
n

-2

1
. -2 . -2 . . .
Since r,} —x,” — 3’ for n big we have x| —x,° > 5’ so summing this for n consecutive

n
terms we get z,% > s and hence

Plugging again in (1) we get

1
5n+ O(Inn)
1 1

5n <1 +On! lnn)) +0(n7)
|

t (1+0(m '1nn)) + O(n?)

-2 -2
Tpy1 — Ly -

+

+0(n™?)

+

Wl W= Wl Wl

1
+ B +O(n?Inn).

400 1
nn
SO sumiming once more, since Z —~ s convergent, we get
n

n=1

5 n Inn
=-+—+0(1).

Finally

1 —-1/2

3 5)
31/2 3lnn PR
1/2 3/2

n1/2 10n3/2
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A solution to the problem U220 of issue 1, 2012 of

Mathematical Reflections

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

April 20, 2012

The Problem : Proposed by Cezar Lupu, University of Pittsburgh, USA and Moubinool Omarjee, Lycee

Jean Murcat, Paris, France.
/ 1 / 1
lim ((n+1) T <> —n /T ()) ,
n—+oo n+1 n

where T" denotes the classical Gamma function.

Evaluate

Solution :

It is well known that

With this we get

1
n+1 —
r (n-i—l) xp

In (n Fl1—y+ O(nl))>

I
e
>
G
A/~
Sl
+
S
3
~
RN
=
=)
_|_
= 5
/™~
—_
+
p—
|
2
+
S
)
o
~_
~_
~_

N om2m?n) @)
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and similarly
1
olr () —1+ an +OMm2InZn). @)

Now (2) and (3) give

(m+1)™T <1> —n{r <1> =1+0Mm 'n?n) 2252 1.
n+1 n
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A solution to the problem J256 of issue 1 2013 of

Mathematical Reflections

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

January 28, 2013

The Problem. Proposed by Titu Andreescu, University of Texas at Dallas, USA

Evaluate
1220 42231 + - nP(n + 1)

Solution : For n > 2 we have

n
120+ 2231+ 4P+ 1)l =2+ ) KAk +1)!
k=2

=

=2+ (k+D!((k—1D(k+2)— (k—2))
k=2

2+

E

(k+2)!(k—1) — (k+Dl(k —2))

TT
[\]

-2+

—

n+2)(n—1).
Since the last expression, for n =1, equals 122! we get that

1220422381+ 4 n?(n+ 1) =24 (n+2)!(n—1), for n a positive integer.
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A solution to the problem U253 of issue 1 2013 of

Mathematical Reflections

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

June 3, 2013

The Problem. Proposed by Titu Andreescu, University of Texas at Dallas, USA
Evaluate

Z 3nZ+1
(n3 —n)3’

n>2

Solution : Decomposing into partial fractions we get

3nf+1 1 1 2. 1 L3 1 1 Laf L2 1
MmM3—m)3 2\ (n+13 n3 n-—-1)3 2\(n+1)2 (n—-1)2 n+l n n-1)’

thus
3n?+1 D 3nZ41
> me—np Jm > me—n)p
> —to0 =
N N N
1 1 2 1 3 1 1 12 1
li — - f - )42 —  _fL ")) =
NLTOO<21;<(T1+1)3 n3+(n—1)3>+2§2<(n+1)2 (n—1)2)+32<n+1 n+n—1>>
im S( b L2 2 I 3L L )
Noteo 2 \N3 " (N+1)3 N3~ 28 2 ) NS 2 \NZ T (N T 1)2 22

lim 8 (o 2414t ) =
N—t+oo \N  N+1 N 2 2) 16
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A solution to the problem S263 of issue 2 2013 of

Mathematical Reflections

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

June 1, 2013

The Problem. Proposed by Marcel Chirita, Bucharest, Romania

Prove that forn > 2 and 1 <i < n we have

i ( 1)+(T]1j) =L

j=1

Solution : The problem, as stated, is not correct. We will show that forn >1and 1 <1i<n,

147 1

i . L

It suffices to show that forn >1and 1 <i<n,

i (D6
- i4j ’
1

orthat form>1and 0 <i<n-—1,

i ()
5 n+j— i
Consider the operators S and I which act on the space C[x] of polynomials with complex coefficients
with s .
p(x) = p(x+1) and p(x)— p(x),
i.e., the shifting and the identity operator respectively, and let us denote with A the forward difference
operator, i.e.
A:=S—1 with p(x)Ap(x#—l)—p(x).

Note that for a non constant polynomial p(x) € C[x] with deg(p(x)) = n, we have deg (A (p(x))) <
n —1, and for a constant polynomial p(x) = ¢ we have A (p(x)) = 0.
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Furthermore, since S and I clearly commute, from binomial theorem we have that for n > 1:

A (ST =Y () T,‘)siln—i,
(5 =11 =3 (=1 (]

)

so, forn >1:

n
An s n .
P &S (-1 J(.>P(X+]),
=0 J
and, on account of the above, it is straightforward to see that A™ maps to the zero polynomial

every polynomial with degree less than or equal to n — 1.
Consider now for n > 1 and 0 <i <n —1 the polynomial

(X) :ix(x—1)~~-(x—n+1)

_ n.
p(x)_x—i n! x—1i

Since 0 <i<n-—1, it is clear that deg(p(x)) =n—1, so
n /n n /n (x+j)
an pt) = 3 (- ptx-+5) = 303 (T) ke —o
=0 j = j)x4+j—1

and hence

_ - n—j (M (Tl::)') —
=3 (7)o

as desired.
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A solution to the problem U259 of issue 2 2013 of

Mathematical Reflections

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

May 3, 2013

The Problem. Proposed by Arkady Alt, San Jose, California, USA

Compute
3
(1 oter)”
. n(n+a)

lim 3
n—-+oo 1 n

<1 + n(n+b)>

Solution :

. (1+ boa, O(n4)>n
n
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A solution to the problem U262 of issue 2 2013 of

Mathematical Reflections

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

May 3, 2013

The Problem. Proposed by Ivan Borsenco, Massachusetts Institute of Technology, USA

Let a and b be positive real numbers. Find lim
n—+oo

Solution : We have

but from Cesaro Stolz theorem,

. b , b
le—g In({l+— )= lim In{14+— | =0,
n—oo N 1 al n—-+oo an

so by the continuity of e* the desired limit is a.
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Maria Miliaresi akotronis@gmail.com Anastasios Kotronis

A solution to the problem U264 of issue 2 2013 of

Mathematical Reflections

Maria Miliaresi, Athens, Greece, miliaresi.maria@gmail.com

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

May 3, 2013

The Problem. Proposed by Mihai Piticari, “Dragos Voda” National College, Romania

Let A be a finite ring such that 14+ 1= 0. Prove that the equations x> = 0 and x*> = 1 have the same
number of solutions in A.

Solution : Let us denote with A; C A the set of solutions of x2 =0 in A and with A9 C A the set of
solutions of x* =1 in A.
We have

acAi=dl=1+l=a?—1=1=(a-D(a+) =1 (a-12=1

and, since a —1 € A, we conclude that A; can be injected in As.
Conversely,
aeA;=>al—1=0=(a—1(a+1) =03 (a—1)2=0

and, since a —1 € A, we conclude that Ag can be injected in Aj.
Since A is finite we get the desired result.
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A solution to the problem U207 of issue 5, 2011 of Mathematical Reflections

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

Wednesday 28/9/2011

n—1

2 2k
e The Problem : Evaluate » sec | — |.

n=1 n

¢ Solution : By De Moivre’s formula we have

cos(nf) = Re[(cosf +isinh)"] = Re [Z <Z> cost 0 - (i - sin 0)71_1@] _
k=0
5]

(3]

N3

<2”k> (—1)¥(cos §)"*(sin 6)* = (27;:,) (cos 6)"* cos” 6 — 1"

k=0 k=0

Since n is odd,
n—1
2

cos(nf)—1= " cos0)" H(cos’—1)* -1 = a,, cos™ O+a,_1 cos" 1 O+...+a; cosh—1
0)—1 ok

k=0
2w
has as its roots k—, k=1,2,..., ”T_l with multiplicity two, and 0, and hence
n
n—1
=
n
P(z) = Z < 2@ - D) 1 =" a2 L ar — 1
= \2k
. 2km -1 . TP
has as its roots cos | — |, k= 1,2,..., 5= with multiplicity two, and 1.
n

It follows that

P(x
Q(z) = x(—)l =" (an Fan )" (At R a)T (.t a)
has cos W) ., k=1,2,..., ”T_l with multiplicity two as its roots, so
n
2k 1
sec | — ), k=1,2,..., %5 with multiplicity two are the roots of
n
n—1 1 n—1 n—2
" Q ~) = (an+...+a)2"  +(an+...+a)z" "+ ...+ (an + an_1)x + a,

= (P()+Da™ '+ (P +1—a)x" >+ ...+ (a, + ap1)z + ay
= 2" 4 (1 —a)2™ 2+ ...+ (@ + Gp1)T + .
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But since n is odd, a; = lim ="n(-1)"7,so
6T  cosf
—1 n
22: <2k;7r> 1( 1—a1> a—1 n(-1)"7 -1
sec| — | == (— =
2 n ) 2\ 2 2 2

1
the % factor being justified by the multiplicity of the roots of 2"~ 'Q (x) .
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Kostas Tsouvalas akotronis@gmail.com Anastasios Kotronis

A solution to the problem 0243 of issue 5 2012 of

Mathematical Reflections

Kostas Tsouvalas, Lemnos, Greece, kostastsouvalas@windowslive.com

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

October 21, 2012

The Problem : Proposed by Iurie Boreico, Stanford University, USA.

Let m,n be positive numbers with n > m. Prove that

()" ()

1 n"
Solution : By Cauchy’s theorem we have that (n) = J z+ D7
m R Zm+1

- dz, where R is any circle
2mi

surrounding the origin.

Now:

e N m+n—2k 1 « (z 4+ 1)mtn—2k
Fr () s B () e

k=0

L[ (z+m™n & e 1

= om z*z . (k> iz &
R k=

1 T m+n n
T 2m i < (z+1)2 > dz
[ e,
T 2mi g (z+ 1M

1_ (Z + 2)
- RCSZ:,lm
1 dnfmfl

= lim (z4+2)M)

z——1 (m—m—1)! dzn—m-1
([ n
\m+1

1by Cauchy’s residue theorem, since the integrand has a pole of order n —m at z = —1.
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Implicit function : Proposed problem for the

School Science and Mathematics journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

June 3, 2013

The Problem : Let x > IHT”Z and f(x) be the function defined by the relations :

2(x) —Inf(x) = x @
2
) = V2. @
2
o )
1. Calculate the limit lim —=, if it exists.
X—-+00 \/)z
+00
2. Find the values of « € R for which the series Z k¢ (f (k) — \/12> converges.
k=1
3. Caleulate the limit lim Y70 =% ¢ it exists.
x—+00 Inx

Solution :

f
Define at first the symbol ~ by fi(x) ~ fa(x) & lim 1)
X—+00 fz(x

=1 for eventually non-vanishing functions.

2
We can easily see that the function g(x) := x* —Inx is strictly increasing for x > \g and uT g(x) =
X—+00

+o00. This means that f(x) has the same properties, so we can write

2 2 2 2(x)
x = f“(x) —Inf(x) ~ f“(x), so x~f“(x), hence ™ =1+o0(1). 3)
Furthermore, (1) gives
2
Inflx) = £(x) —x = M P @ lnfhd gy )
X x X

so for x big enough we have
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1/2
m];(xJ> W U1+ o(1))V2 = VA(1+ o(1)). ©)

f(x) = (x + Inf(x))? = V/x (1 +
Now

2+ In (VXL + o)) = x + OfInx) =

f(x) = (x + O(lnx))2 = Vx (1 +O(x! mx))l/z
= Vx4 O(x2Inx). ©)

2(x) = x + In f(x)

Plugging (6) into (1) again we get

2(x) =x +In (ﬁ—i— o2 lnx)) =x+ mTX +0xtnx) =

f(x) = v (1 + tnx +0O(x? lnx))l/2

2x
l
=/x (1 + % +O(x%n? x))
l
:\/72+4n7\/;+(9(x*3/21n2x). @)
From the above :
1. we directly see that lim M =1,
X—+00 \/)z

a ka_l/z Ink a—3/21..2 . .
2. k (f(k) - ﬁ) =—+0(k In“k), so by the integral test for convergence, since

4
JJFOO X2 x dx M JJFOO pell/2Hagt gy — ) Fo0 H a2 —3
1 0 eR ,a<—1’
+00
the same holds for the series Z k¢ (f(k) — \/E),

k=1
— 1
3. lim VX)) —x 2
X—+00 Inx 4
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A solution to the problem 5208 of April’s 2012 issue of

School Science and Mathematics journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

April 20, 2012

The Problem : Proposed by D. M. Batinetu-Giurgiu, Bucharest and Neculai Stanciu, Buzdu, Romania

. a
n € Z" be such that lim —1

Let the sequence of positive real numbers {ann>1, 5
- n—-+oo T aTl

n+1/q. va
lim V Un+l vV n.

n—+co mM+1 n

an

s We have
nTl

Solution : Setting z, :=

Zntl _ Qnyl

=Db. Calculate

1\ ™ -2 1 -2
= [<1+> } <1+> — be 2 (1)
Zn n“an n n
and by Cesaro Stolz :
. 1/n . Inz,
lim zy =exp| lim ——
n—-+oo n—+oco N
= exp < lim 1 Zn“)
n—-+oo Zn
= exp (ln lim an)
n—+oo Zpy
= be 2. 2)
On account of (1) and (2) :
1\ N
(n+ Dzt IN" zn1 —4
1/nn = <1 + ) .0 e
nzy
SO
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1

(m+1)z] | IR
— s s
Y an4 Van  1/n nzil/n (Tl + 1)Zn+1 —2
— = Zn - In — be 7,
n+1 n o 1/n
(n+1)z Nnzn
ln mn+1
1/n
nz,
since
W
1 (n+1)z™F
(n+Dzp 1 exp|In| —2L )] -1
Tlzl/n NZn
. o s
nEToo - nl—L>Too -
n (n+1)z1 n (n+1)z
1/n 1/n
nz, nz,|
. oef—1
= lim =1
x—0 X
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A solution to the problem 5211 of April’s 2012 issue of

School Science and Mathematics journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

April 28, 2012

The Problem : Proposed by Ovidiu Furdui, Cluj—Napoca, Romania

Let n > 1 be a natural number and let f,(x) = x*

For example

Calculate the limit

X

Solution : We easily see by induction that

folx) =1+ 0(1—x) forn > 1.

Now we will show, by induction again, that

Indeed,

e for n =2:

fu(x) =fa(x)+ (D" 1—x)"+ O ((1 )"+1> forn > 2.

fo(x) = x* = x1~ (7%

=xexp(—(1—x)In(1—(1—x)))

= X exp ((1 — X)2 ( X3))>

=x(14+(1—x)?2+ (1—x)°
(it o(u )

— X+ (—1)2(1—x)? +0((1 x))
— X))+ (—1)2(1=x)2%+ 0 ((1—x)3) .

, where the number of x’s in the definition of f, is n.

©)

@
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o Ifforn=k>2

fr(x) = friq(x) + (=1 —x)*+ O ((1 — x)kH) is true, then

e for n =k + 1 we have

fryi(x) = x ()

 fe 1D 01 )

— 1l | (FDR IR0 ( (1))

— f(x) exp (((—1)‘<(1 — )k 40 ((1 —_ x)k“)) n(1—(1— x)))

— fi.(x) exp (((—1)k(1 )10 ((1 — x)k+1>) (-(1 X+ O ((1 — x)z)))
= fi(x) exp ((—1F (1= %)+ 0 (1-x)<?))

— f(x) (1 F (=) (=) 4 0 ((1 - x)k+2))

= () + il (11 =) 1 0 (fix) (1 x)*2)

2 i) + (—D (=) 4 0 (1—0+2).

From (2) we get that for n > 2 :

. ) =faalx) _ in
nl—L>Too (1 — X)n ( 1) and
lim fnld) = fna(x) doesn’t exist.
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A solution to the problem 5185 of December’s 2011 issue of
School Science and Mathematics journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

April 22, 2012

The Problem : Proposed by José Luis Diaz-Barrero, Barcelona, Spain

Calculate, without using a computer, the value of
i anctan () - avctan () - avctan (=) - arctan (57 )  arctan () + avtan 357
sin|arctan| — | + arctan| - | + arctan| = | + arctan| — | + arctan| — | + arctan|{ — | .
3 5 7 11 13 121
Solution :

The following identities are well known :

arctan 20 ab<1
1-ab ’
arctan a + arctanb = { arctan 1a_+j’b +m ,ab>1Aa>0 (1)
arctanl‘“b -1 ,ab>1Aa<0
—ab

2)

1
arctan a + arctan — =

1 1 ! !
Applying (1) to the pair arctan (5) ,arctan (3) and repeating to arctan (? ) arctan (ﬁ) and

arctan (E) after trivial calculations we get

i avctan () - aretan () «aretan (£ + avctan () aretan () v avctan (157 ))
sin|arctan|— | + arctan| - | + arctan| = | + arctan| — | + arctan| — | + arctan| — | | =
3 5 7 11 13 121

. ( (121) (111))(2) . m
sin | arctan | — | + arctan | — = sin— =1.
111 121 2
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A solution to the problem 5198 of February’s 2012 issue of

School Science and Mathematics journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

April 23, 2012

The Problem : Proposed by José Luis Diaz-Barrero, Barcelona, Spain.
Let m,n be positive integers. Calculate,

Zn m k +1 —1

> 11 ta+i)

k=1 i=0

where a is a nonnegative number and [x] represents the greatest integer less than or equal to x.

____________l'_‘.__n——‘_r—'\__r—__""‘-————

Solution : By a direct calculation, using the identity I'(x +1) = xI'(x), x > 0 for the ' function, we
can see that

m
1 I'b 1 I'b INb+1
H - (b) :< (k) T+l > b > 0. @
i:Ob—i—l Nb4+m+1) m\Il'b+m) T(b+m+1)
Now

2n m -1 m 1 m —1

k+1 k+1
H({zhaﬂ) - ¥ H<2+a+1> LY H(Zﬂlﬂ)
k=1 i=0 k=1,3,...,2n—1 i=0 k=2,4,....2n i=

0
2i< Ma+k)  Tla+k+1 )
m Na+k4+m) T(a+k+m+1)
2 MNa+1) _ Na+n+1)

m<r(a+1+m) r(a+n+m+1)>'
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A solution to the problem 5199 of February’s 2012 issue of

School Science and Mathematics journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

April 23, 2012

The Problem : Proposed by Ovidiu Furdui, Cluj, Romania

Let k£ > 0 and n > 0 be real numbers. Calculate,

I::/lxnln(\/1+xk—\/1—xk) dx
0

Solution : We got

nal T — %) 1 n+k 1 1
I:J: ln(\/1+:z: V1 CC) ~ k 1 (\/1+ack+\/1—$k)d
n+1 2n+1)Jo T+ak—1-2F
In2 2 (VI=aF + VT aF) d
x
2(n+1) 2(n+1) \/1+33k \/1—x”€)\/1—:n2’l‘C
02 1z" \/1 xk+\/1+m’“) ;
" 2(n+1) 4(n+ 1) / V1 - a2k ’
In2 n
= / +z" | dx
2(n+1) 2(n+1) ( 1 V1 - g2k )
~ In2 [
2(n+1) 2(n+1)2 2n+1) V1 -2k
z?k=y In2 _ k _ 1 (7’L+1 1)
2(n+1) 2(n+1)2 4(n+1) 2k 2

2(n+1) - 2(n+1)2 4(n+1) F(n+k+1)
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A solution to the problem 5242 of February’s 2013 issue of

School Science and Mathematics journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

February 15, 2013

The Problem. Proposed by Kenneth Korbin, New York, NY

Let N be any positive integer, and let x = N(N + 1). Find the value of
x/2

Y (";K)XK.

K=0

Solution : Using m instead of x for notation convenience we compute the generating function of
m/2

> (m]:k>yk:

k=0
s m—k m—k m+k
- k _ k - _ k +2k

IO G PSS D Sl G DL 3 (i

m>0 k=0 k>0 m>2k k>0 m>0
_ K m+K\ o 21k —k—=1\
—ZHZ<m>t —Z(ytJZ<m (1)
k>0 m>0 k>0 m>0

1 2 \"

_ k(1 4y—k—1 _ Y
=Y iy _1—tZ<1—t>
k>0 k>0
_ 1
11—t —yt?

It is easily shown, decomposing into partial fraction and expanding the geometric series, that if
ax? + by + c has two distinct non negative roots py, p2, then

1 1 —m—1 —m—l) m
- = - i X
ax?+by+c mZ>0a(p1—p2) (pz P1 ’

SO
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Z mZ/Z (m_k)yktm _ Z 1 << —2y >m+1 - ( 9y >m+1> o
S0 k m20\/1+4y 1— 1+ 4y 1++/1+4y
and hence
m/2

(- () () )

Putting m in the place of y and then N(N + 1) in the place of m in the above relation, and since
N(N+1)+1is odd, we get

N(N+1)/2

3 (N(N+1)—K>(N(N+1))K _

K
K=0

N T ((N 4 1)N2+N+1 4 NN2+N+1) .
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A solution to the problem 5247 of February’s 2013 issue of

School Science and Mathematics journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

February 15, 2013

The Problem. Proposed by Ovidiu Furdui, Technical University of Cluj-Napoca, Cluj-Napoca, Romania

Calculate

I
lim — \/J In(1+eX)-ln(1+e2¥)---In(1+ e™) dx.
n—+oo N 0

Solution : For n € N, x € (0,1] we have

X 2x nx n k ln(l—i_eikx) n k eka
In(1+e*)-In(1+e“*)---In(1+e™) =nlx H 1+T =mnlx H 1+ 0 o

k=1 k=1

e (5)

=n! (x” + O (ef"))

SO

1 !
mewwmww%umuwm:'Lu+mm
0 n -+ 1
Now from the above and taking into account that, from Stirling’s formula,

Inn!=nlnhn—n-+O(lnn)

we get that

1
IT\‘/J In(1+eX)-In(14e2¥) - In(1+ enx) dx:lexp <11n< n (1+(9(n))>>
n n n n+1

0

= Lop(mnn-1r0 (M) =0 (M) e
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A solution to the problem 5193 of January’s 2012 issue of
School Science and Mathematics journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

April 28, 2012

The Problem : Proposed by Proposed by Ovidiu Furdui, Cluj-Napoca, Romania.

Let f be a function which has a power series expansion at 0 with radius of convergence R.

+0o0 T xn x ‘
1. Prove that an(”)(O) (e —1———---——) =[ " (t) dt, lz| < R,
= 1! n! 0
+00 T xTL
2. Let a be a non-zero real number. Calculate Z na' (em -1- ﬁ — = —')
= ! n!
Solution :

1. From the problem’s assumptions we have that

and f'(x)

= for |z| < R,
n=0 n! n=1 (n_ 1)'

+oo £(n) +oo r(n)
f(x) Z f (0) ! _ Z f (0) xn—l
so, for |z| < R we got

T x +oo £(n)
fo efﬂ_ttf’(t)dtzfo et 37 L0 g,

n= l(n_l)!
= f<">(0> n -
_enl(n 1)'/t et
« = f(0)
i=e ;mlﬂ (1)

x
Now I, = — f t"(e7) dt = —z"e " + nl,_1, so it is easily verified by induction that
0

I = (2" +na" '+ +nl2) +nl,

With the above, (1) will give
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x (n)
[0 "l f! () dt = E e _(10))' (—e*(a" + a4 +n!x0) +nl)

(n)
Z {n (10))' (nle” — 2™ - na™ - - n!zo)

2. From 1 with f(z) = e** we got that

Now

r t, t T
oforazlitis[lzf e’ "tet dt =
0

e for v # 1itis
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A solution to the problem 5241 of January’s 2013 issue of

School Science and Mathematics journal

Konstantinos Tsouvalas, University of Athens, Athens, Greece, kostastsouvalas@windowslive.com

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

January 23, 2013

The Problem. Proposed by Ovidiu Furdui, Technical University of Cluj-Napoca, Cluj-Napoca, Romania

Let a > 0 be a real number. Calculate

1 n
lim <J \“/x“—l—adx) .

n—+oo 0

Solution :

1. For a =0 the limit is trivially 0 = a.

JI {1/X“7-|-£1(1x>n = exp (nln <J1 mdx>) = e,

2. For a > 0: We set I} := <
0 0

Now, considering that n € [1,+00), since 0 < ¥x" + a < 1+ a and Vx™ + a "=5° 1 for x € [0, 11,
by dominated convergence theorem we get that I, — 1, thus Inl,, — 0.

Furthermore, by Leibniz’s rule we have that for n > 1

1 1
alnzjamdxzj(xf‘+a)T ntinx — (X" +a)ln(x" +a)y

We also have that

n 1
‘(x” + a)lT (x"+a)ln(x"+a) —nx" lnx)‘ < % (|(x™ + a) In(x" + a)| + nx" Inx|)

Ita (max{eil, 1+ a)ln(l+a)}+ e71>
a

IN
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. 1I-n ln 1 +a x=1 .
and since (x"+a) n ((x" 4+ a)ln(x"+ a) —nx"lnx) — ( ) , by the dominated
lna ,x € [0,
.. 90y

convergence theorem it is —mn n — lna.
Now applying De I Hospital’s rule we get

. . InI . Inl, o0 . _ )|

lim Ap = lim Il =_lim —T‘ A lim 1. (—n2n> —Ina,

n—-+o0o n—+oco M~ Ron—+oco M n—-+oo on

so the required limit in each case is a.
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A solution to the problem 5203 of March’s 2012 issue of

School Science and Mathematics journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

April 28, 2012

The Problem : Proposed by Pedro Pantoja, Natal-RN, Brazil

Evaluate,

/4 1 +sin?(2
I := f ]n(#(‘r)) dzx.
0 sin® x + cos? w
Solution : Using the identities

1 - cos(2 1 2
sin?e = 279808 g cos?e - L1 005C28)
2 2
we easily get that
1+sin®(2z) 53 cos(4x)
4

SO

. - ’
sin®x +costz 3 +cos(4x)

/4 _ 2= T _
1:[ In(2) +In [ 2200UD) ) ) tow 7Thﬂzﬁf 1n(—3 Cosy)dy
0 3 + cos(4x) 4 4 Jo 3+cosy

L= min2 + lJ
4

Now

i‘zyif ln(w)dt:—J so J=0,
0 3 —cost

and with this, (1) will give

7 7'('1112.
4
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A solution to the problem 5205 of March’s 2012 issue of

School Science and Mathematics journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

April 28, 2012

The Problem : Proposed by Ovidiu Furdui, Cluj—Napoca, Romania

Find the sum,

+00 _1\n—-1
1—l+l—---+L—ln2 -ln(n+1).
2 3 n n

n=1

Solution : We set

m n k
fm(w):Z(—Zx——ln(l—x))ln(nJrl) x <1,
I\ o k
so we ask to find
ot e (71)

For z < 1 we have

()

NIE

I}
3
NE
N
|
Il 3
o =
&
ol
+
— =
|| =
8
~—
—_
]
—_—
S
S|+
—_
~—

n=1
_ (i (x”_l —z")Inn+z™In(m + 1))
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so we integrate from 0 to y, where y < 1, to get

=) —lnn+l +1 f —d
()= 3 2 tmn () [ da
and set y = -1 to get
m (_1)n -1 gm
=S s m(me+t f g
fm(=1) nZ::z ——Inn n(m )0 T
=—¢ I (=1)" 1 m
s Z( ) lnn+(—1)m+1ln(m+1)f —dt
. n 0 1+¢
t= A+ (-1)™ In(m + 1) B,. (1)
Now integrating by parts,
tm+1 1 1 tm+1
B, = + dt
" (m+1)(1+1t)O m+1Jo (1+t)2

1 1 1 1
< + f dt
2(m+1) m+1Jo (1+¢)2
1

1
<— (2)
m+1l m

and for A,,, since it converges from Dirichlet’s Criterion, we can write
lim A,,= lim As,,

m—+0o m—+00o

and
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2m 1)
Agm:Z( ) Inn
n=1 n
_iann_iln@n—l)
S A -1
n2Z& 1 1X&Inn M nn ™ In2n
SDTIEIESE RS S
n=1T n=1 T n=1 1 n=1 n
m 2m
1
=In2H,, + Y — -y =2
n=1 n=1 T
m
—ln2Hm—Zln(m+n)
= om+n
| In(1
C1n2H,, Z nm+1In(1+n/m)
o m+n
1 & In(l+n/m)
=In2H,, -1 H - —_—
n2H,, — Inm(Hap ~ Hy,) nzl T+ njm
1 & In(1+n/m)
=H,In(2m)- Hypylnm-— > ———
m10(2m) = Hyp Inm mnz:; 1+n/m
Hrnzln o1 1 m 1 1
PO gk O(1fm) - L 3 /M) (3)
m/ = l+n/m
Now with (2) and (3), (1) will give
In(1 In*2
fm(-1) > yIn2 - f In{ + ) +a:) 1n2—nT.
Comment : In fact, one can easily show that
1 & In(1 In?2
) n( +n/m): - +0(1/m), so
m/ = l+n/m

m _1\n-1
DN § R ) A Y -1n(”—+1) 7In 2-ln—+(9( “nm).
2" 3 n 2

n
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A solution to the problem 5215 of May’s 2012 issue of

School Science and Mathematics journal

Fotini Kotroni, Athens, Greece, fkotroni@hotmail.com

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

April 28, 2012

The Problem : Proposed by Neculai Stanciu, Buzdu, Romania

1004 4 %3014 4 %2008 2007

sin x

1
Evaluate the integral J dx.
-1

1 + x2010

Solution : Since

Jl 2x
-1

951004 | 3014 . 2008 i 2007 " .
om0 s even and ——55— is odd, we have
1004 | 3014 | 2008 gy, 12007 1 931004 | 13014 12008 gy 2007
2010 dx = J —— o0 X+ J S0t 4%
1 + X 1 1 + X -1 1 + X
11004 | 3014
+x
J 0 dx+0
11004
1004 dx
J 1 11 X200
9 11004
1005 Jo 1+ (x1005)2
1005 _ 2 2 1 1
Xy n J dy
1005 1005 J, 1+ y2

= 05 (1+3)-
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A solution to the problem 5217 of May’s 2012 issue of

School Science and Mathematics journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

April 25, 2012

The Problem : Proposed by Ovidiu Furdui, Cluj-Napoca, Romania

1l
Find the value of: lim J J \/ (X + y”)k where k is a positive real number.

Solution : It is easily shown that {/(x™ +y™)* — {X 'YX nd since 0 < X

Yy H,x<y
the dominated convergence theorem we have

1r1 rl rl
1 n n
o | [ o= | ]t et

0JO

rl 11
= Jx dydx—i—JJykdydx
0

(x™ +ym)* < 2%, by

u 0 X
rl 1 1— Xk+1
= | xldx+ J ——dx
Jo o k+1
B 2
Ck+2
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A solution to the problem 5181 of November’s 2011 issue of School Science and Mathe-
matics journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

Saturday 12/11/2011

e The Problem : Proposed by Proposed by Ovidiu Furdui, Cluj, Romania.

+00 +00

Calculate Z Z

n=1m=1

(n+m)‘

e Solution : The summands being all positive we can sum by triangles :

f f _ Z nm_ J“z":" Z’Zj(n—ﬁ)ﬁ
n=1m=1 (n+m)' k,6,neN A k+f=n (n+m)! % n!

18 (n- 1)n(n+1) 18 (n+1)

B Z Z(n—2)!

n:2
IR (n+3) 1R 1 da™?
S 64 nl 650 dr le
1d [t gm3 1d(z%e%)
) 6@(7;) n! ) =1 6 dr  la=1
_ 2e
= 5
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A solution to the problem 5224 of November’s 2012 issue of

School Science and Mathematics journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

January 29, 2013

The Problem : Proposed by Kenneth Korbin, New York, NY.
LetTi=To=1,Ts=2and T, = Ty 1 + Ta_o + Tn_3. Find the value of

.
PR

n>1

Solution : We compute the generating function, f(z) := Z Taz", of T,.
n>1
The recurrence is equivalent to

Tn+3 = Tn+2 + Tn+1 + TTL) n> 17 =Ty = 1>T3 = 2)

so multiplying with z" and summing for n > 1 we get

Z Thigz" = Z Tz + Z Top1z™ + Z T.z" &

n>1 n>1 n>1 n>1
(:); <f(z)—z—z -2z ) =2 (f(z) —z—z ) —i—z(f(z)—z) +f(z)
z
flz) = — .
&flz) 23 +224+2-1

Now g(x) := x> +x?+x—1 is strictly increasing and g(1/2) < 0. Since g(x) *2ER 4o, g(x) has a single
real root, denote it by p, with p > 1/2 and two conjugate complex roots, denote them by z,z.

By Vieta’s relations we get

1 1
=>|z|2=p2+p+1>—#|2|>§-

{ZRe(z) +p=—
4

20Re(z) + z)* =1

1 Typesetting : TATEX


www.akotronismaths.blogspot.com
mailto:akotronis@gmail.com
http://www.ssma.org/Websites/ssma/images/Problems%20Section/Nov-2012.pdf
http://www.akotronismaths.blogspot.com

Anastasios Kotronis www.akotronismaths.blogspot.com akotronis@gmail.com

The above show that f(z) has radius of convergence > —, so since 1/t < 1/2 we get that

ZTJ_]C 1 — us
m \n) mW-m-n—1

N | =
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A solution to the problem 5226 of November’s 2012 issue of

School Science and Mathematics journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

October 31, 2012

The Problem : Proposed by D. M. Batinetu-Giurgiu, "Matei Basarab" National College, Bucharest and
Neculai Stanciu, "George Emil Palade" Secondary School, Buzdu, Romania.

Calculate:

dx.

Jb Vx—a(l+ v/b—x)
a Yx—a+2Y—x2+(a+b)x—ab+ ¥Yb—x
where 0 < a< b andn > 0.

Solution : We have

Jb Vx—a(l+ v/b—x) dx
a ¥Vx—a+2Y—x2+(a+b)x—ab+ ¥Yb—x
b—a n b— n/b—
x=y+ b J 3 \/UJrTa(lJr \/Tafy) 71+1dy

2y 2yl ) (B -y ey

2 1
:=J g(y)+§dy

b—a
5

J_za 9(y) dy +

2

Now it is easy to see that g(y) is odd so the given integral equals
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A solution to the problem 5227 of November’s 2012 issue of

School Science and Mathematics journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

November 1, 2012

The Problem : Proposed by José Luis Diaz-Barrero, Polytechnical University of Catalonia, Barcelona,
Spain.

Compute:

i S (n+ 1)+ vnk
; n+vnk )

n—-+oo
k=

Solution : We have
S (n+1) +vnk = n+1+vnk
| IRERRRAALS Pl o P A
ol n+vnk — n+vnk
= 1
= exp In (1 + )
<é n+ vnk
n

_ 1 -1
=exp (;nJr\/ﬁ—i_O(n ))
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A solution to the problem 5219 of October’s 2012 issue of

School Science and Mathematics journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

November 8, 2012

The Problem : Proposed by David Manes and Albert Stadler, SUNY College at Oneonta, Oneonta, NY
and Herrliberg, Switzerland (respectively).

Let k and n be natural numbers. Prove that:

n M — 1 k even
Z cosk (22] — 1)17'[ B 12k—|—1 k/2 9 .
j=1 n 2 , kodd

Solution : At first, noting that cos(7t — x) = cos x, we have that

Zcos 2]_1 2TlZlcos 2nzl J+1 jm
In+1 2n+1

cos® ,keven

'M=

N 2n—|—1

— 7))

(1)1 cos® 2;11 ,kodd

'M=

1

)

It is easy to see that for a powerseries f(x Z a]x] integers 0 <r<mand w: eZ™/Mm the following
. . . j>0
identity is true
Z aT+)mx Z wITf(Wx) |x| < R(= f’s radius of convergence). )]
>0
Now, [ -] denoting the integer part function,
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e for k even: setting k/2:=p, 2n+1:=m, from (1) with f(x) = (1+x)?" and r = p —m[p/m], with
x =1 we get

m—
LHS ::Z( 2p > :iz j(p—mlp/nl) l—I—W’)ZP -— RHS

= p—ml[p/m] +jm m &
But
2[p/m. % [p/m] %
= E i)~ )
= \p—mp/mi+jm/ . = Ap+im
and

1= 2 92 ¢ it
RHS = — Z eerjiﬂ/m (1 + eiZjn/m) a4 COSZP LeiZj(pfr)n/m
m m m

J'*O j=0
-1
2 — 22 ' jmt
2 21] [p/mlm _ cos?P 1
m m 4 m
j=0 j=0

so using again cos(7t — x) = cosx we get

(m—1)/2 P/ % 1
Z cos?P 22p+1 —[Zp/m} <p +jm) B
or with the initial notation
St S S ()
= In+1 2kl (K2 k/24+j(2n+1) 2

k k
e For k odd: setting 2n +1:=m, from (1) with f(x) = (14+x)* and r = % —m [Z—i_mm]’ with

x =1 and following the same procedure we get

n in 1 on+t [(k/2)/(2n+1)] K
k+1 3 :
J:1 Zn+1 2 2 Ty (k+2n+1)/2+ji2n+1)

From the above we see that

n+1/ k 1
2k+1(k/2) 3 yk=-even and k < 4n + 2

- ,k=o0dd and k< 2n +1

Comment : Note that the above restrictions for k are necessary, since for example it is
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ZCOSGM_L#L_M 6y_1
, 2-1+1 64 32 2641 \g/2) 2

and

The above approach, along with some other results, is presented in [1].

References

[1] Mircea Merca A Note on Cosine Power Sums, Journal of Integer Sequences, Vol. 15 (2012), Article
12.5.3.
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A solution to the problem 5222 of October’s 2012 issue of

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

October 30, 2012

The Problem : Proposed by José Luis Diaz-Barrero, Polytechnical University of Catalonia, Barcelona,

Spain.

Calculate without the aid of a computer the following sum

> (—)"n+1D(n+3) < where i=+/-1

n>0

1 n
1+2\/§i> ’

Solution : From

1
ZE, |Z|<1

n>0

differentiating and multiplying with z we get

z
E nz" = |z| < 1.
— 2
n>0 (1 Z)

Applying the same again we get

1
Z nZz" = ElJ_rZ)Z lz| < 1.

n>0 Z)S)
The above yield
3_
Y (n?+dan+3)2" = (l_zz)g, 2] < 1.

n>0
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Now

. Y oy —
T 9 (g ) = e ()

n>0 n>0
1

1+2v/21
3
1
(1 T 1+2\/§i>
C (1+2v21)%(2+ 3V21)
B A1+ V21)3
41 1032,

=977 108

3+
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A solution to the problem 5223 of October’s 2012 issue of

School Science and Mathematics journal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

October 31, 2012

The Problem : Proposed by Ovidiu Furdui, Technical University of Cluj-Napoca, Cluj-Napoca, Roma-
nia.

a) Find the value of

1 1 1
—_nm — — ).
Z( ) (n—l—l n+2+n—i—3 >

b) More generally, if x € (—1,1] is a real number, calculate

Xn+1 Xn+l Xn+3 >

-n" — —
Z( )<n+1 n+2+n+3

n>0

Solution : We answer to b). From this, we immediately get 1/2 as the answer for a).
We have

n>0 k>1

S Z >

n>0 m>n+1
e(-1,1] i x™
xel—h . _qym—1%
E (ln(1+x) E (—1) m)
n>0 m=1
= X
= 1l § In(1 § Hm-t
N—L>Too — (n +X ] )
= lim An(x).
N—+4o00
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Now for x € (—1,1] it is

so integrating we get

1 (g x J) Y
)= | g = (
But for x € (—1,1) it is

x4 N+1 Il 1 N+1 x| N+2
y ) y N+ 1 x|
dy < dy = 0
[ e I A R A A e L i
LN+
and for x =1, J W dy — 0 by the Dominated Convergence theorem, so
0

S nmy (-1 “Xk X x € (—1,1].

)
= = n—+k x+1
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A solution to the problem 5174 of October’s 2011 issue of School Science and Mathematics
Jjournal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
www.akotronismaths.blogspot.com

Saturday 12/11/2011

e The Problem : Proposed by Jose Luis Diaz — Barrero, Barcelona, Spain.

Let n b itive integer, C te lim - Zn: htd "
et n be a positive integer, Compute m — .
P g P e o 2 (ke (ke + 2)(k + 3) \k

e Solution : For n € N and and z € R we got (1 +2)" = ) (Z)x’“ so (1 + )" =
k=0

" [n
> < k) 2", Now differentiate to get
k=0

(1 +2)" + na* (L4 2)" " =D (k+4) (Z) "3, so

414+ 2)" +nz(l+2)" = Zn:(k + 4) <Z> zF.

Now integrate on [0, z] to get

1 n+1 n
m +z(1+2)" = g::o <: <Z> 2", once more to get
2(1 + z)"+? z(1+ z) ! 3z 2 2": (k+4) n\ ke
(n+1)(n+2) n+1 n+1 (m+1)n+2) ZE+1 k+1D)(k+2)\k

and again to get

= (k+4) nY\ 43
,g)(k+1)(k+2)(k+3)< )x -

(1+ x)"*3 z(1+ z)"? 3z? 2z 1
n+1D)n+2)n+3) n+D)n+2) 2m+1) +D)n+2) (n+1)n+2)(n+3)

Setting x = 1 above,we easily see that
2

n® & (k+4) N\ no+eo
2’1,;)(19+1)(k+2)(k+3)<k> — 4
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A solution to the problem 5175 of October’s 2011 issue of School Science and Mathematics
Jjournal

Anastasios Kotronis, Athens, Greece, akotronis@gmail.com
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Saturday 12/11/2011

e The Problem : Proposed by Proposed by Ovidiu Furdui, Cluj, Romania.

1 i
Find the value of lim — Z 1t
n—too L R

e Solution : Setting a, := Z
i,j=1

T
Cesaro Stolz theorem the desired limit will also be equal to 5 + In2.

™
- we will show that a,41 — a, — 5 +In2, so by the
% + 52 2

We have
n+1n+1 n l—f-]
Qpy1 — Ap = :
! ;J 122 1132:122+j2
“ k+n+1 1
= 2
Z +(n+1)2 n+1
2 i E/n+141 1
- *Z /2 n 2 T
nim (k/n)?+(1+1/n)*  n+1
B 22”: k/n+1+1/n 1
 on&Z (k/n)2+1+0(nt)  n+1
22 k:/n+1+1/n _1 _1> 1
= — 1+0
nkz::1< (k/n)? (1+0(™)) +n—|—1
22 k;/n—l—l—i—l/n . ) 1
= — 1+0
n,é( k’/n (1+0(™) +n+1
(24 O(n S k:/n+1 - n=?) -1
= )+ O™ ))+0mn™)
S T O )
L1+ s
=—+1In2
[)1+x2 2—|—n
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