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Mathematical Analysis ... ... A collection of problems Version 8

Foreword

Dear reader,

there are a lot of interesting analysis problems scattered in the Internet World. Navigating through different sites you may
encounter an exercise that will catch your attention and possibly you may want to archive it in your collection so to have
access to it later. This is the main idea behind this booklet. The attempt started back in 2014 when an effort to collect as many
exercises as possible began. Basic ideas are being recycled frequently and reappear in many exercises although unrelated at
first.

The booklet contains a collection of interesting problems in Mathematical Analysis. The problems come from various branches
of mathematics.

4 Real and Complex Analysis ¢ General Topology

4 Multivariable Calculus 4 Integrals and Series

In each section the reader of this booklet shall encounter exercises that may find out there. Many of them are known to you
but still they are interesting. However , there do exist exercises that demand creativity in order to be solved. The level of
difficulty varies from exercise to exercise and in no way are the problems ordered according to their level of difficulty.

The author ( Tolaso ) started the collection of the problems using exercises that he encountered in his university classes (
Calculus I, Calculus IT and Calculus IV ) and found to be the most interesting and fascinating. He dediced to include non trivial
problems ( as these have nothing to offer usually and rely mostly on definitions ) but challenging ones.

The version you are now reading is Version 9 which is an improvement of the previous Version 8. I would like to personally
thank all those people who contacted me personally to mention any typographical errors and / or mathematical errors that
were corrected in this version. A big thanks to all of you guys ! I am open to your e-mails for improvements / suggestions .
Feel free to contact me at the e-mail address that you will find in page 2. Last but not least , you are free to use the booklet as
an instructive tutorial to your students. However , be very careful when assigning exercises to them.

Tolaso J Kos

May 18, 2018
Acknowledgements

¥ Many thanks to all those people ( from all around the world ) who embraced this booklet and have sent remarks and / or
suggestions so that it is improved as well as selecting some of its exercises to assign to their students. I really appreciate
it.

Y The people at TeX Stack Exchange who have suggested some hacks for some parts of the existing code so that
everything fits within the specified margins as well as the suggestion for the first page.

Donation

If you like the work done for this booklet as well as the overall work produced by Tolaso Network and want to donate please
follow the link found at page 2. We thank you in advance.
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Real - Complex Analysis

@ For which a € R does the sequence

Yn=(1+a)(l+2a%)---(1+na™)
converge? Give a brief explanation.

@ We define a sequence x;, as follows

2 2 2
Xn+2 + 5XnJrl + Xn
Xn+2 + 9Xnt1 + Xn

Xn+3 =

where x1, X2, %2 > 0. Examine whether the sequence
converges.

@ A sequence of real number {xn, }» ey satisfies the

condition

1
[xn —Xm| > — whenever n<m
n

Prove that x,, is not bounded.

@ Prove that

lim ((n 4 1))/ (1) n(n—!—l)/n) _1

n—-+oo

@ Prove that

lim mnsin(27en!) = 27
n—-+oo

@ Prove that the limit

tann

{= lim
n—-+o0o n

does not exist.

@ Find the value of

€:\/6+\/6+\/6—+7\ﬁ

Let | -] denote the floor function. Define

an:\/ﬁ_ L\/TT—J

(a) Prove that the limit points of a, is the set [0, 1].

®

(b) Prove that limsup a, = 1.

Let {xn}%°_; C Rand {ynJ¥_; C (0,+00). Suppose
that {xn /yn}%_, is monotone. Prove that the sequence
{zZn}nen defined as

X1 HXg A+ Xn

is also monotone.

Let {xn Jnen be a sequence defined as

Xn =sinl+sin3+sinb5+---+sin(2n—1)

Find the supremum as well as the infimum of the
sequence Xn,.

Let & € R such that o/t ¢ Q. Prove that the sequence

wn, = sin(sin o) + sin(sin(2a)) + - - - + sin(sin(na))

is bounded.

Define

fn(x):% , xXER, neN

Examine the pointwise convergence as well as the
uniform convergence of fy,.

Given the sequence of functions

fo(x) =cos™x, 0<x <7
Prove that

(@) lim f; (x) = 0 but f, (71) does not converge.

(b) Prove that f;, converges pointwise but not
uniformly on [0, 7t/2].

Let {an Jnen be a real valued sequence such that the

o0 o0
. 2 . a
series Zl as converges. Prove that the series Zl —
n= n=

also converges.

Let {an Jnen be a positive real valued sequence. If the
oo

series ) an converges prove that the series
n=1

o

n/(n+1
> an/ ) also converges.
n=1
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@ Let € R\ Z and let us denote with || the floor
function. Prove that the series

diverges.

(16th Cuban Mathematical Olympiad)

Let an, be a positive and strictly decreasing sequence
such that lim a,, = 0. Prove that the series

an —a
n n—+1
S—§

an

n=1

@

diverges.

@ Let P denote the set of prime numnbers. Discuss the
convergence of the series

S:Zsinp

peP p

Examine whether the (double) series

2 & sin(sin(nm))
Z Z n2+m2

n=1m=1

(]

converges.

. Let {Xn nen be a sequence of strictly increasing
positive integers. For each n > 1 let W;, be the least
common multiple of the first n terms X1, Xa, ..., Xq.
Prove that , as n — +o00, the series

converges.

€Hint: Let x1,...,xn € (0,1). It holds that
n
Z (1—x%x¢)=>1— HX‘
i=1

St appears that this problem is quite difficult. It appeared in several fora
including math.stackexchange.com as well as mathematica.gr. In both went
answered till today. In math.stackexchange.com they suggest that the series

converges and its limit is %

@ Let {an nen be a strictly increasing sequence of

n

1
positive integers. Prove that the series E S
1—0 [aiu aiJrl}
converges. Here [-, -] denotes the least common

multiple.

[(J

Let f: (0, +00) — R be a positive differentiable

function such that its derivative is positive. Prove that
o

1
the series Z —— converges if-f the series

f(n)
2 f
2

@ Let H;, denote the n-th harmonic number. Study the
convergence of the series

n=1

converges.

o0
5=3 ot
n=1

for the different values of o > 0.

Let H,, denote the n -th harmonic number. Prove that

the series
o0
V1 !
§=3Y (—1)“%
el og (Hn+1)
converges.

@ Let H,, denote the n - th harmonic number. Prove that

the series
0
(_Un—llog(g{n)
H
e n
n=1
Converges.
EHint:
n n
Z Z (ai, aipq)
=0 lai, ait1] oo iyt
oy a
<Z i1
im0 aiaiyi
i—0 a;g Ait1
1 1 1
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Mathematical Analysis ... .. A collection of problems Version 8
@ Let H,, denote the n - th harmonic number. Prove that @ Prove that the series
the series
o 1 n—1
i nHn 2 sin(logn)
2 ([FH)"
converges if and only if & > 0.
converges.
@ For what values of x € R do the series
@ Let {an Jnen be a positive real valued sequence such
o0
that the series an, converges. Examine the o o
nél " & (i) 81 = D cos(2™x) (i) 8o = ) sin(2™x)
convergence of the series n=1 n=1
00 sina converge?
s= Y <1 _ n)
n—1 an Define x,, recursively as:
Let {Xn}nei be a real valued sequence of positive terms x1=1 , Xnil=sinxn
such that )  xy converges. Set
n=1 (a) Prove that x;; ~ %
S = 1 + 1 NI 1 (b) Prove that x,, converges to 0 monotonically
X1 X2 Xn decreasing.
X p2 (c) What inequality should 3 satisfy in order the
Prove that the series Z 5 converges. series
XnS%
n=1

<y

Let o« € R. For which values of « does the series

)

n

o0
8 = Z <72( —arcsinn
n=1

converge?

Examine the convergence of the series

o . .
B Z sin(sinn)
N n

n=1

Does it converge absolutely? Justify your answer.

Let an, be a sequence of positive terms and suppose that
[e¢]

> an converges.
n=1

(a) Prove that the series Z

n=1
converges.

(b) Find the smallest possible value of A such that

o0 o0
) LY 1
) i1k an

n=1

S:Zxﬁ

n=1

to converge?

What can you say about the uniform convergence of
the series

1 n+1

sin(nmx), x€R

-5

n=1

(©

Let x € R. Consider the series

(A) (a) Prove that & converges forall x € R.

€Hint: Tt holds that

— , 0<x<1
Z(_l) _ sinnmx =
- 0 , X =
n=1
-2
71("2 ) cx<e

Typesetting KIEX
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(b) Prove that (1) is not a Fourier series of a
Lebesgue integrable function.

(B) Examine if the function defined at (1) is
continuous. Give a brief explanation to support
your argument. =

0S X
is both Riemann

Prove that the series
© Prov 3

and Lebesgue mtegrable as well as a Fourier series.
@ Let a € Z. Define the function
f(x) = sinax, x € (0,7)
Prove that f can be expanded into a Fourier cosine

series and that it holds

cos(2n+ 1)x

4a &
?Zaz_

a Gn 1) , aeven
sin ax ~ A “f o )
a COS zX
7JM+Z&4W]’MM

Let {an Jnen be a bounded sequence. Prove that the

[e.¢]

. an
sequence of functions defined as E —5, converges
n

n=1
absolutely and uniformly on (0, +00) to a differentiable

function.

(Question from a Real Analysis Exam

University of Ioannina , Greece)

71, 71l — R be defined as f(x) = |x].

@ Let f:[—

(a) Expand f in a Fourier series.

(b) Prove that
e 1
M) =+
n=1
2

e 1 s
(i) ; 2n—12 8

(c) Apply Parseval’s identity to evaluate the series
— 1
=2

€Do the same question for the quite similar series Z

sinnx
nlogn’

@ Examine if there existsan 1 — 1 function f: N — N
o0
f
such that Z Tzl
n=1

@ Examine whether the series

S = isin {T{(Z-f—\/g)n]

n=1

converges.

converges.

@ Examine whether the series

$=) <e— (1+}L)“>
n=1
converges.
Let {an Jnen be a real valued sequence such that the

. a
series Z il converges. Prove that
n=1 n
. ap+a+---+a
lim

n—-+oo n

n_

Given the sequence of f;; : R — R wheren € N
defined as

o0
Y oy
n3 4+ x2

n=1

fn(x) =
prove that

(a) the serieses Z fn and Z ! converge

uniformly to functlons f g: R —R.

(b) the functions f, g are continuous.
() f'=g.
(d) it holds that

() /1
<u>/ xig(x

Consider the real valued sequence {yn }nen such that

=
=

> 1
g T arctan \/ﬁ

forall real valued sequences {Xn Jnecny with limx, =0
o

the series ) Xxnyn converges. Prove that the series
n=1

o
>~ [yn|also converges.
n=1

EWhat can you say about the integral f t) dt? Does it converge?
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Let {an }nen be a decreasing sequence of positive terms.

Prove that the series ) an sin nx converges uniformly
throughout R if and only if na,, — 0.

Let {an Jnen be a decreasing sequence of positive terms.

o
Prove that the series ) a, cosnx converges
n=1

o
uniformly on R if and only if the series )  an

n=1
converges.

Let H,, denote the n -th Harmonic number. Prove the
inequality

2 e = et log Hy
(g ) <

(©

Let f : R — R be an integrable function. Prove that

S—ilnf(x—\/ﬂ)

n=1

converges for almost all x.

Prove that the series

(o.¢]

B cos(logk)
= Z —

n=1

diverges by first proving that

N
I
3 w —sinlog N + ReC(1+1) + O(N)

n=1
@ What is the monotony of the function
0 00 .k
1 .
=112 g ez
i=—j k=0

Let f : [—7t, 71l — R be a Riemann integrable function.

Prove , without using special functions, that the integral

7 Inx
dx converges.
0 X+m

. Let frn(x) : [0,1] — R be a sequence of functions
converglng uniformly to a function f. Prove that

1

lim fu(x)dx = /1 f(x) dx
0

n—+o0o 1/1’1

@ Let f,g: R — R be 1 periodic and continuous
functions. Prove that

1 1 1
lim f(x)g(nx)dx = / f(x) dx/ g(x)dx
n—+oo fq 0 0

Let f,g: [0, 1] — R be continuous functions such that

0 < f(x) < cg(x) forall x € (0, 1). for some constant c.
Evaluate the limit:

n—>+oo/ /0‘ g

= lim

@ Evaluate the limit

= lim dx Lo X
n—>+oo/ / X1+ - +Xn ( 1 ; TL)

Let f : (0, +00) — R such that , forall x > 0 , the limit
lim f(nx) € R. Examine if the limit lim f(x)

n—+oo X—+00
exists in R if:
(a) fisa continuous function.

(b) fis an arbitrary function.

(a) Give an example of a bounded function
f:(0,+00) — R such that the limit { = lim f(x)

x—0*t
does not exist.

(b) If f is a function such as described in (a) then
examine if the following limits exist.

(i) (i)

Prove that
7T 7T
lim f(x)cosnxdx = lim f(x)sinnxdx =0
n—-+o0o —7 n—-+o00 -

€You might consider ideas from this link.

{4 = lim xf(x)

x—0*

€y = lim (1—x)f(x)

x—07F
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@ Let f: [a, b] — R be a continuous function. Prove that @ Let f : R — R be a continuous function such that:

flx)=f(x+1)=Ff(x+2n) , ¥xeR

b f(x) 1 [P
lim ——dx = — / f(x) dx
n—+oo [, 3+ 2cosnx V5 Ja Prove that f is constant.
Given a continuous function f : R — R such that forall
Evaluate
x € R\ {0, 1}
2 nt " X 1
t= lim n°" [H (“+ 2k) / f(t) dt > / f(t) dt (1)
k=0 0 x
1
@ Prove that prove that £ f(t)dt=0.
1 L 1 Let f : [a, b] — R be a continuously differentiable
min XM+ apx™ b an ] de= — . _ _
a:ieRr J 4qn function such that f(a) = f(b) = 0 and

b
j;l f2(t) dt = 1. Prove that:
Let p, q be two points and y be a curve passing through

these two points. Prove that b 1
(a) / xf(x)f'(x) dx = -3
(@) v'(t) - u < ||y’(t)]| where u is an arbitrary unit ab b
vector. (b) / (f’(x))2 dx/ x2f2(x) dx > i
(b) that the segment of the curve y between the @ @
points p and q has length at least equal to the
distance ||q — p|| by considering as u = ﬁ. @ Let

(@

f(x) = sinxsin(2x) sin(4x) - - - sin(2™x)

Let f : R™ — R be a smooth function. Prove that there Prove that
exist functions gi, i =1,...,1n such that

e 2G|

n
f(x1,x2,...,xn) —£(0,0,...,0) = ZXiQi (x1,%2,...,%n) @ Prove that for every x € R the inequality
i=1

X2n X2'r171 X2
Let f : R — R be a differentiable function such that (2n)! + (2n—1)! et 91 Tx+1>0
f/(x) = 0 forall x € Q. Does it necessarily follow that f
is constant throughout R? Explain your answer. holds.

Find all functions f : R — R that preserve convergent @ Prove that for arbitrary real numbers a;, az, ..., an the

series. (That is a function preserves convergent series in following inequality holds.

the sense mentioned above sz f(an) converges .
whenever ) a,, converges.) = Z A an

=
m+n
Examine if there exists a function f : R — R such that mn=1

((

f(f(x)) = x* + 1 forall x € R

€A solution goes along these lines:

EThe conclusion of this exercise is to show that the line is the shortest . . .

dist.ance between two points. Z Gmdn _ Z / L @™ gt
SThe answer to this difficult question is that the only functions with this ™ +n — . Jo men

property are of the form f(x) = Ax, x € (=5, 9).

Typesetting KIEX Page 10 of 28 Editor: Tolaso J. Kos
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Let {an Jnen be a sequence of positive real numbers.
Prove that

n—-+oo Qn

n
a a
lim sup <1+n+1) > e

(©

@ Let € denote the Cantor set. We define the function
Xe : [0,1] — R as follows:

— 1 ?
XC— 0 ,

(a) Prove that xe is Riemann integrable.

(b) Evaluate LIX@(X) dx.

x €@
elsewhere

Prove that the function f : R™ \ {0} — R defined as

X
f(X):W, a>0

is a vector field but its domain is not star-shaped.

Does the ordered field of the rational functions satisfy
the axiom of completeness? Explain your answer.

Let f: [2,+00) — R be a uniformly continuous
function. Prove that the integral

 f(x)
[ Mg
J /2 x21og? x x

Let f: [0, +00) — R be a continuous and strictly

converges.

f(x
convex function such that lim Q = +00. Prove
X—+00 X
o0
that the integral £ sin f(x) dx converges but not

absolutely.

(]

1 k
:/ ( Z amantm“‘l) dt
0

mn=1

1 k 2
:/ Z ant™ 2] dt
0 m=1

=20

3
In fact the above inequality tells us that the matrix { L } is posi-
m+n mn=1
tive semidefinite.
SThisisa very difficult exercise. One solution may be found at M. Hata’s
notes. Another solution is to contradict the result and move along those lines.
g currently have no solution to this , demanding , exercise. It was an

exam’s question.

Let f : [a, b] — R be a Riemann integrable function. If
f(x) = 0 forall rationals of the interval [a, b] then prove

b
that j; f(x)dx =0.
Prove that there exists no rational function such that

1 1
fn) =14+ +—

2 n
foralln € N.

Let f : R — (0, 400) be a function such that forall
x € R it holds that

f(x)log f(x) = e* (1)
Evaluate the limit
log x f(x)/x
t= xgr}rloo <1 + f(x) )

(Romania , 1986)

Letn € Nandlet f: [—1,1] — R be a continuous
function such that

1
/ X2 f(x) dx = 0

-1
Prove that f is odd.

Let G denote the Catalan constant. Prove that
1
tanh x
1og(1+f2) </ ar; dx < G
0

Evaluate the limit

n

0- % arctan (%)

lim
n—>+ook:1 1+ 2\/1 + % arctan (n)

|~

(Dan Sitaru)

Evaluate the limit

Let @ denote Euler’s totient function. Evaluate the limit

(= 1 1 i . [Tk x)
=amemlim(T)e
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Let & > 0. Prove that: @ Let f: [0,1] — R be defined as:

[0, xe[0,1lNn(R\Q)
””‘{m_,x—qn 0,11 Q

1 1 1\*
W g 2 k<1_n> = mindl, o]

sksn® where xy, is a sequence such that lim x,; = 0 and
0 < xn < 1 and gu be an enumeration of the rationals
Let us denote with ( the Riemann zeta function with of the interval [0, 1]. Prove that f is Riemann integrable
(0) = —%. Let us also denote with {(™ the n - th and that L x)dx = 0.

derivative of zeta. Evaluate the limit
Let f be holomorphic on the open unit disk D and

¢ (0) suppose that
/ If(z ) < 400

{= lim
n—s+oc 1!

@

Let C denote the Riemann zeta function. Evaluate the

o
limit If the Taylor expansion of f is of the form ) anz™
o |a |2 n=0
n . n
1 then prove that the series Z converges.
T _ il n+1
t= Jim n (C(Q) 2 k2) n=0
Let f,, be a sequence of real valued ' functions on
Evaluate the limit [0, 1] such that forall n € N the following hold:
1
(= lim (my)? ()<~ (0<x<1)
n—too (1 +12)(1+22)---(1+n2) x

IL dx =0

Prove that f;; has a convergent subsequence that
converges uniformly on [0, 1].

Evaluate the limit

1 a
(= lim 3/ log (1 + tan atanx) dx
a—0 a

Let X denote the characteristic function of the
rationals in [0, 1]. Does there exist a sequence of
continuous functions fy, : [0, 1] — R such that f,
converges to Xg pointwise?

(]

Let I' denote the Euler’s Gamma function. Prove that

r (%) _ V5 +1 @ Let f: [0, 1] — R be a continuous function such that
"B (D) S
1 1
Let f : [0, +00) — R be an integrable and uniformly /0 flt)dt = /0 tf(t)dt =1 (1)

continuous function. Prove that lim f(x) = 0. Does
X—>+00

1
2
this result hold if we drop the assumption of the Prove that L f(t)dt > 4.

uniformly continuous ? Explain your answer.

Let f: [0, 1] — R be a continuous function such that
Define a function f : R — R such that for every q € Q

1 1
must hold f(q) € Q but f'(q) ¢ Q. / f(t)dt:/ LR (1) dt (1)
EThe above limit tells us that (™ (0) ~ —n!. 0 0
€You might as well evaluate the integral first by making the substitution Prove that there exists a ¢ € (0, 1) such that
y=a-—x.
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Let f: [0,1] — R be a continuous function such that Let f: [0,1] — R be a twice differentiable function with

a continuous second derivative. If n is a natural number

1 1
/ f(t) dt = / (1) dt (1) greater than 1 such that
0 0
[k £(0) + (1
Prove that there exists a ¢ € (0, 1) such that Z f <> — 7M
n 2
k=1
0
cf(c) = 2/ f(t) dt then prove that
C
1 2 1 1
@ Let f : R — R be a differentiable function such that </ £(1) dt> <= / (f”(t))2 dt
= 5
0 0
f/(x) = F(x)f(—x) (1) . .
Prove that every function f : Q — Q can be written as
Find an explicit formula for f. the sum of two 1 — 1 functions g, h: Q — Q.
@ Let f: [0,1] — R be a continous function such that @ Give an example of a function f : R — R such that any
£1 f(t)dt = 1 and rational number is its period but any irrational is not.

Also, prove that there exists no function g : R — R
such that any irrational is its period and any rational is

1
/ (1—f(x)e T™™dx <o 1) not.
0
Prove that f(x) = 1 forall x € R. @ Prove that the function
. 2
Let f: [a, b] — [0, +00) be a continous and not f(x) = {Sm (Bn X) o, ox> 8
y X =
everywhere 0 function. Prove that
has a primite on [0, +00).
y L7 at o
im **——— = su X
n—+00 fb (4 dt XG[aI,)b} (Constanza , 2009)
a

Examine if there exists a continuous function @ Let F be an ordered field. Define f : F — F such that it

f:[1,+00) — R such that f(x) > 0 forall x € [1, +00) satisfies

o0 o0
and j{ f(t) dt converges whereas jl‘ f2(t) dt )
diverges. € [f(x) —fYl <Ix—yl”, ¥x,yeF
IsF ily Archimidean?
Letx € (—%, g) and consider the function S & necessatlly Archuidean
X X @ Compute the limit:
f(x) = a; tanx + agtan§ + -+ antana
where a1, as,...,an € Randn € N. If |f(x)] < [tan ] (= lim 1 n <3n—i> In (?m—j)
forall x € (—%, %) then prove that n—-+oo N2 1< Sen n+1 n+j
az an
+— <1
‘al 2 n Compute the limit
€Do the same exercise with the extra assumption that f is uniformly con-
tinuous. 1 n kin
{= lim — 3

n—+oon

2
k:1n—|—2\/n +n+k
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@ Compute the limit

mlogn
—ngrfm lellQ+) 2
i=1j

@ Let C denote the Riemann zeta function. Prove that

1
T—>+oo 2T / C - ¢(3)

Let || denote the floor function. Prove that forall
n € Nit holds that

o —1
(Z k13> =2n(n—1)

k=n

(a) Let a > 0. Evaluate the integral

a
J(a) :/ log (1 + tan atanx) dx
0

(b) Evaluate the limit lim &g).
a—0 Qa

Prove that for an entire function f holding

lim @ = ( then f is constant.
ZzZ— 00

Let f : C — C be an analytic and 1 — 1 function and let

D be the open unit disk. Prove that

/ |f'(z)| dz = area(f (D))
D

(]

@ Let n € N and f be an entire function. Prove that for

any arbitrary positive numbers a, b it holds that

£2n e—inty (Z+ aeit) dt (a>“
L% e intf (z + belt) dt

~\b
@ Let a,b € C such that [b| < 1. Prove that

2 |a_b|2

1
|dz| = ol

27
lz|=1

z—a

1
z—Db +

SThis is known as Lusin Area Integral Formula.

@ Define

1 1—-2z 1—10z
z z—2 z—10

f(z) =

Evaluate the contour integral % f(z) dz.

|z|=100

@ Prove that there does not exist a sequence {pn (z)}hen

of complex polynomials such that pn (z) — %
uniformly on Cg ={z € C | |z| =R}

Let f be a meromorphic function on a (connected)

Riemann Surface X. Show that the zeros and the poles
of f are isolated points.

Let us prove that 0 = 1. We begin by stating Picard’s

Little Theorem:

If a function f : C — C is entire and non-
constant, then the set of values that f(z) assumes
is either the whole complex plane or the plane mi-
nus a single point.

Let us now consider g(z) = e* which is definitely
complex differentiable. Since the composition of
complex differentiable functions is also complex
differentiable then the function

f(z) =g(glx)) =e

is also complex differentiable. Also, f is not constant;
that is for sure. Since there exists no z such that e* = 0
then 0 and 1 are not in the range of f. However, this is
an obscurity unless 0 = 1.

(@

Find the flaw in the above argument.

@ Let A C R be a set of finite measure.

(a) Find the Fourier series of | sin Ax|.

(b) Evaluate the limit

= lim /|81n7\x|dx

A——+00

EThe flaw is not in the theorem!
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Let (-, -) denote the usual inner product of R™. @ (a)

Evaluate the integral

M= / exp (—((x,871x))?) dx
Rm
where 8 is a positive symmetric m x m matrix and
a>0.

(b)

(¢

Let (™) denote the n - th polygamma function and let
n € NU{0}. Prove that

vMW(z) _pH(z)
>
Yt (z) 7 pnt2)(z)

z>0

({J

@ Consider the points O(0,0) and A(1,0). Let I'(x,y) be (@)

a point of the plane such thaty > 0. Set @(x,y) to be
the angle that is defined by OT and AT ( the one that is
less than 71.) Prove that the function @ (x,y) is
harmonic.

Let f be analytic in the unit disk ID. Suppose that
Re(f(z)) > 0 forall z € D and that f(0) = 1. Prove that

1— |z
14zl =

1+ |z|
1— |z

Re (f(z)) <If(2)l <

Multivariable Calculus

@ Given the curve y(t) = e~ ' (cost,sint) , t >0

(a) Sketch its graph.

(b) Evaluate the length of the curve as well as the
following line integrals

() yﬁ(my?)ds (i) %(—y,x) i)
Y

Y

(Question from a Real Analysis Exam

University of Ioannina , Greece)

€The a = 1 case can be interpreted as (the appropriate constant multiple
of) the density of a multivariate normal distribution.

€ Actually the above inequality is a consequence of a stronger one namely
this:

(a)

DM ™M (2) > (2)

€ N. The proof of it may be found at Joy of Mathematics.

m+n

whenever ™5

B

Let D C R? be the unit disk and 9D be its positive

oriented boundary. Evaluate the following line
integral

%(X_ygaxg —92) : d(X,U)
oD

Can you deduce if the function

fx,y) = (x =y’ x° —y?)
is a vector field by basing your reasoning solely

on question (a) ?

(Question from a Real Analysis Exam

University of loannina , Greece)

Let f € €2 (R) such that div grad(f) = 0 and
D C R? be a C! normal set. Prove that

of of

———)-d =0
f(ay, ax> (x,y)
oD

Examine if

f(x,y) = (2x cosy, —x?siny)

is a conservative field and if so, find a scalar

potential.

(Question from a Real Analysis Exam

University of Ioannina , Greece)

@ Prove that for every c > 0 the set

Bt g ={(x,y,2) € R?: (x—f(2))*+(y—9g(2))* <c, z € [a,b]}

has the same volume for every function

f,g:

[a,b] — R.

@ Consider the subset of R3

={(xy,2) eR*: x> +y?<z<a}, a>0

Evaluate

(i) the volume of B.
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(ii) the triple integral (a) Give the derivative as well as the Hessian matrix
of f.
J= ///(X2 +y%)zd(x,y,2) (b) Give conditions for the q; such that f has a) a
B local maximum b) a local minumum and c) neither
(iii) the area of the boundary of B. of the previous ones.
(iv) the surface integral (c) Compute the Taylor polynomial of degree k of f

around x = 0 forall k € N.

S:ygx/1+4z2dcr
OB

@ Let 8§ = [0, 1] x [0, 1] C R2. Evaluate the integral

(b) Express the volume of B through a suitable

continuously differentiable G : R3 — R3 and J= // max{x,y}d(x,y)
through a suitable surface integral. 4

_ (x,y,2) _fx , 0<y<x<
w=-¢ gy r 2 Y maboyl =1y | o<x<y<
1. 3 Hence
produced along a C* oriented curve y of R” \ {(0,0,0)}
depends only on the distances of starting and ending
point of y about the origin. 1,1 1 rx
| maxteuidtey) = [ [ xdtyo
Let V., (R) be the volume of the ball of center 0 and 0 70 0 /o Ly
radius R > 0 in R™. Prove that for n > 3 it holds that + / / yd(x,y)
0 Jo
97t 1 rx
Va(l) = —=Vn_s(1) = 2/ / xd(y,x)
n o Jo
1

/ x2 dx
0

Let S denote the area bounded by the curves x?y = 1

=2
and x%y = 2 as well as the lines y = x and y = 2x and 2
let v denote its negative oriented boundary. Evaluate 3

(]

J= §I§ (e_xg — 6y> dx + (4x —7y") dy

Y @ Let M be the interesection of the elliptic cylinder
2 2
Let u: R? — R be a continously differentiable function % + % < 1 and the ellipsoid
and let C; be the circle of origin (0, 0) and radius v > 0.
Prove that: x2 y2 22
—t+t5+3 <1 a>0,b>0,c>0
az  b%2 2
i lim 1 wds = u(0,0) For all n € N evaluate the integrals
2 r—=0 T ’
e,
_1
Let f (x) =x' Qx where x" = (x1,...,Xn) € R™ and Iy = /// (a2b2 —b*x* — QZUQ)n 2 d(x,y,2)
M

Q is the diagonal matrix

€An interpretation of this integral; if you have two independent uniform
(0,1) random variables, the expected value of the maximum is % (And the

q 0 ... 0 expected value of the minimum is % .) More generally: if you have n indepen-
0 q2 ... 0 dent uniform (0, 1) random variables, the expected value of the maximum
Q= . . gueR, i=1,...,n is 717 In more detail: if you order these random variables after the fact so
that Y; < Yz < -+ < Yy, then the expected value of Yy is niﬂ (The general
0 0 ... gn name for this sort of reasoning is order statistics.)
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(Question from a Real Analysis Exam

University of Ioannina, Greece)
@ Let € =[0,1] x [0,1] x --- x [0,1] C R™ be the unit
cube. Define the function

X1X2-..Xn
Xit A xg? e xgt

f(X17X27"')Xn) =

where a; arbitrary positive constants. For which values
of a; > 0 is the value of the integral f o T finite?

Let f : R — R be a function such that f(x) > 0 and

o0
LOO f(t)dt = 1. For v > 0 we define

In(r) = // 1) F(x2) -~ Fxn) dxt, X, .

SRR AN
Evaluate lim I, (7).

LetDD ={z € C| |z| < 1}. Let A denote the area

measure on D normalised so that A (ID) = 7. Verify or

disprove that
e
1 -
// o8 <1 - Z)
D

For a given function f : R? — R3 the f [f(x)| dx exists.
R3
If for every plane P of R it holds that f f(x)ds =0
P
then prove that f is the zero function. g

2 3
dA ="

6

Let A C R™. If A is Jordan measurable and has zero
measure prove that
/ 1dx =0

A

General Topology

Find a countable and dense subset of R \ Q with respect

to the usual topology.

=As a hint you may use Fourier transform.

Let X = [0, +00) U{+0o0}. We endow it with the metric

p(x,y) = |arctan x — arctan y|

Prove that under this metric X is separable , complete
and compact.

Does there exist an enumeration {qn € Q: n € N} of Q
such that

°° 1 1
R#U(Qn—n,Qn+n>
n=1

@ Prove that there does not exist an 1 — 1 and continuous
mapping from R? to R.

Let () be a metric space. Suppose that every bounded

subset of () has at least one accumulation point. Prove
that Q is a complete metric space.

(a) Let (X, p) be a compact metric space and let

f: X — X be an isometry. Prove that f is onto.
(b) Prove that the {2 space (that is the space of the

o
sequences for which Y~ x2 converges) is not

n=1
compact endowed by the metric

p(XTHUTL) =

Prove that there exists no continuous and 1 — 1 map (

depiction ) from a sphere to a proper subset of it.

Is the set § = R? \ Q x Q complete? Give a brief

explanation.

@ Let Rt ={x € R: x > 0}. Endow it with the metric

d(x,y) =

1 1
x Yy
(a) Show that the sequence a,, = n is a Cauchy one.
b) Is the sequence + a Cauchy one?

q n y

(c) Show that any sequence an, in R* converges in
R in the metric d above if and only if it
converges in R in the standard metric [x — y| and
that the limits in the two cases are equal.
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Let us define the following function:
<
f(x):{){ , 0<x<1

x>1
as well as dm (x,y) = f([x —yl).

(a) Show that d, is a metric on R. You may call it the
mole metric. If points are close (closer than one
meter), their distance is the usual one, but are they
far apart (more than one meter) we do not
distinguish between their distances; they are just far
apart.

(b) Show that R endowed with the above metric is
complete and bounded but not compact. Is it
totally bounded? Why / Why not?

(@

Prove that the set R? \ {0, 0} is not simply connected.

@ Find a sequence of open sets {Gn Jnen of R such that

Z=()Gn

n=1

(a) Let 8 € R\ Q. Prove that the set

D (0) = {(cos2n7, sin 2n70) € R* : n € N}

(@

is a dense subset of the circle S* : x? +y? = 1.

(b) Find a countable and dense subset of R \ Q with
respect to the usual metric.

Let us denote S? the unit sphere that is the set

S? = {(x,y,z) eR3

X2+y2+22:1}

If f : S? — S? is a continuous function such that
f(x) # f(—x) forall x € S? then prove that f is onto.

EWell , the problem actually is not of an analysis nature but that of Alge-
braic Topology. Try to construct a deformation retraction from R? \ {0, 0} to

= ”z—” Then the fundamental

groups are isomorphic , however 711 (S') = Z and hence the fundamental
group is not trivial. Therefore , the set is not simply connected.

gSimplytake
1 1
Gn = ——me
U <m n m+n)

S! ( the unit circle ). For example take f(x)

Examine if there exist non constant functions f : R — R

that map any open interval onto a closed one.

@ Let (X, d) be a complete and a compact metric space.

Prove that there exists a unique number r = r(X, d)
with the property:

For allm € N and for all x{,1 =1, 2,...,n there exists
1 n
z € X such that o Z d(z,xi) = .

i=1

Prove that a metric space (X, d) containing infinite

points, where d is the discrete metric, is not compact.

Prove that the set

A ={(x,y) € R* |ycosx + xsiny =1}

is not path-connected with respect to the relative
topology of R?.

Integrals and Series

@ Evaluate

—dx

1 = (n+x)3

Let a > —1. Evaluate
/2
3:/ log (1—|—asin2x) dx
0

@ Letn € N | n > 2. Prove that

1 n—2
/00 log (;) dx = L Z l
o (IT4+x)n n—1e&k
@ Evaluate the integral
arctan

g x+1
1+ 2x — 2x2

2

0 arctan

(Russian Mathematical Olympiad)
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@ For any positive integer n , let (n) denote the closest
integer to /n. Evaluate the sum

X o) 4 o—(n)
$=) o
n=1
(Putnam 2001)
@ Prove that
47r\[ sinh mﬁ
H (1—xm

v/23 cosh #

g_/l arctan v/2 + x2 dx
Jo (14 x2)V2+ X2

Let a € R. Evaluate the integral
-

(©

cos ax
ex fe

4 sin 2x

J= /x2+4 X

@ Evaluate the double series

szi(_

k=1

k—1

1
— k2n +1

(Putnam 2016)

SThis integral is known with the name “Ahmed’s integral” .
EThe evaluation of this integral allows to tell that

Re |:1I)(O) (% - %) —p© G - %)} = msech (%)

where (%) is the digamma function.

@ Evaluate the integral

(0

Let (1) denote the trigamma function. Evaluate the

sum

o]

Dy (v )’

(Cornel Ioan Valean)

n=1

Let Lis denote the dilogarithm function and I" denote

the Gamma function. Prove that

1
/ (L12 (e72™) + Lip (™) ) log T'(x) dx =
0

where ( is the Riemann zeta function.

<6)
2

@ Let Liy denote the dilogarithm function. Prove that

00 2
/ Lip (e7™) arctan x dx = ™ 343)
0

18 8
@ Prove that

i arctan 10n =In3— T
(3n24+2) (92 —-1)) 4

n=1

Let C denote the Riemann zeta function. Prove that

2

= k((2k)
Z gk—1 =
k=1

@ Let Li3 denote the trilogarithm function. Prove that

ZLI

€0ne can also evaluate the general form

1
1 1\™
+ — dx m>1
8 1—x Inx

T (3)

360 2

727171
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(Seraphim Tsipelis) Let Z 5 k > 1. Prove that

@ Prove that
1 k+1
/ In*(1—x) Inx dx = (—1)*"1k! (k—i— 1-— Z C(k))
0 m=2

where ( denotes the Riemann zeta function.

2—V3
arctant T 2G
at = 21 (2— 3) 2J
/0 t gl (2- V) + 5

where G denotes the Catalan constant.

(Ovidiu Furdui)
Prove that
Evaluate the series
i ((2n+1) Iy
- - [e'e]
— Mm+1)@2n+1) Szz cos 5*
— 9—4n?
where y stands for the Euler - Mascheroni constant. "=
) L , ) Let r € R. Prove that
(Seraphim Tsipelis, Kotronis Anastasios)
= sinhr )
@ Evaluate the following double series n;m arctan coshn ) =™
_ i i m+nmln(m+n) =
m=1ln=1 m T TL)

(H. Ohtsuka)
(Enkel Hysnelaj)

@ Evaluate

@ Let H,, denote the n-th harmonic number. Prove that
/ * arctanx
NIV
X K g ) —eo XFFx+1
5 (-3
n= k=1 @ Let I" denote the Gamma function. Evaluate the integral
where ( is the Riemann zeta function.

1
Let H,, denote the n-th harmonic number. Prove that / <10g I'(x) +log'(1 — X)) log I'(x) dx
0
o0 2
Z j{— ( ) - @ Evaluate the integrals
= n 36

Inx Inx
Prove that @) / o 1 (if) /
o ]
Z H — Let erf denote the error function. Prove that
iy ] + k 1

& 2
/ e Xerf?(x) dx = V2 arctan —
0 7T V2

@ This series may be called as "The harmony of the

harmony” . Evaluate the series

ﬁ 14 sinr =
0 1 132 coshn/

" E 1T -
(n+2)2n+2zk+1zn7: 6

for Re(r) = 0 seems to be true as pointed out by Tintarn at AoPS.com.

€The more general identity
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Evaluate @ Calculate
/ o0 X 1Y\ dx / o log x dx
0 \eX—ex 2/ x2 0 (2x+1)(x2+x+1)
@ Prove that Let {-} denote the fractional part. Evaluate
D og(1 log? 7 19 / H[1 ft dx
/ Og( + X) og~ X dx = 2(,( ) 4 0 X 1—x
0

1—x 2 720

Let Q) denote the root of the equation xe* = 1. Prove

(Cornel Ioan Valean)

that
Let H,, denote the n-th harmonic number. Evaluate the 0 dx 1
sum /_Oo(ex_x)2_|_712:1+_0_
S = —1)ktnkin @ Evaluate the series
22 [y
k=1n=1
S = O —
(Cornel Ioan Valean) Z 2in_1
n=—oo
@ Calculate as well as the product
i ﬁ 1+ klogk ﬁ < x? >
2 —1
n:lk:12+ (k+1)log(k+1) el n2+n
@ Calculate Let C denote the Riemann zeta function. Prove the
identity:
> sinh 1
S = t inh t
nZl arctan (sinhn) arctan <coshn> )
- 1 1)™¢(2n)
—Lip (e7?™) = log(2n) —1———2
(H. Ohtsuka) 27 ~— nen+1)
Let {-} denote the fractional part. Evaluate where Lis denotes the dilogarithm function.
@ Let G denote the Catalan’s constant. Prove that
g / /2 [tan x}
tanx n i (2n) g
2 on + 1)4n
@ Calculate n=0 (2n+1)
/2 where ( denotes the Riemann zeta function and
1
Jd :/ x In tan x dx c(0) = 2
0
Let s € C such that fRe(s) > 1. Evaluate the following
Let v denote the Euler - Mascheroni constant. Prove double Euler sum
that
5= Y e
* cosx? — cosx 0% - 2 1 k2
/ # dX — 5 (j,k)eZQ\{(O,O)} (] )
0
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@ Evaluate the integral @ Prove that

/2
Jd= / sin® x log (sinQ(tanx)) dx n(n+1)
0

on+3
H (H (k+1)¢ Jk“('ﬁ)) _ oTE(3)/242(2)

@ Let 0 < o, B < mand k > 0. Prove that

where ( denotes the Riemann zeta function.

00 2 2
/ 1 log (X T 2Kxcos B K > dx = o> — p2 @ Let R 3 s > 2. Evaluate the ( double ) sum:
0

x x2 4 2Kkx cos & + k2
o m?2 4+ 4mn + n?
@ Let v denote the Euler - Mascheroni constant. Define o Z (m2 4+ mn +n2)s
© (m,n)eZ2\{(0,0)}
F(x) = Y x*". Prove that
n=1 (Kent Merryfield)
1
X
y=1-— / ) dx
o 1+x @ Let a € [—m, 7t] and let us denote with Ci the Cosine

integral function. Evaluate the series
@ Let B,, denote the n -th Bernoulli number. Prove that

_ i (—1)“*12(31(na)

i ™ Banx™ ~log = — log sin =
— 2n 2n)! 8o BN, n=l

(0

@ Evaluate the integral
Let ¢, 3 € R such that 0 < & < 3. Prove that
o

o0 log x 1
" dx=—[log? p —log? «
/0 (x+«)(x+B) 2(p — «) : ]
@ Prove that
(Grigorios Kostakos)
i coth nw 1977
— ~ 56700 =
@ Let v denote the Euler - Mascheroni constant. Prove
@ Evaluate the sum
that
0 1
log In+ 3
S = Z M ® cosx™ — cos X2 12y? — m?
n+1 logxdx = YR
n=—o0o 4 0 X 2(4T1)
€The most straight forward approach is to use Fourier series beginning
(Seraphim Tsipelis) by equation (2) at the link. The final answer is
S ym N m?lna B 7% In 2 (2
Let H,, denote the n-th harmonic sum. Evaluate the 12 12 12 2 8
sum: where v denotes the Euler - Mascheroni constant.
EThe interested reader might as well give a try the following integral
o
1 1 / log X
_ _ = d
Z( —logn —vy +12n2> i= (x + ) (x + B) *

n=1

(M. Omarjee)
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@ Calculate @ Prove that

o] 2
1 1 1 1
— — J’_ —_— e .. —
* * > l_[cosxm) TLZln(n—i-l n+2 n+3 )
M= m=l dq(x1,%2,...,%
T (e1 %2 n) 2ln2_ln32_§c(3)
0 0 0 e 6 3 4

Ovidiu Furdui
Let H,, denote the n -th harmonic number. Prove that (Ovidiu Furdui)

|z] < 1 it holds that
@ Let k be a positive integer. Evaluate the multiple sum

00 1
j‘fgk ok4+1 _ arctanz 9 S = . — .
Z 2k+]_ ————Z 72 log (1+Z ) 117.§<>1 11...1k(11+...+1k)2
(Ovidiu Furdui)
Let B,, denote the n-th Bernoulli number. Prove that
i )" By =1lo §—lo sin§
~ 2n om)l 8y 083 @ Evaluate
; * [ dxy)
Let G denote the Catalan’s constant and J,, the n - th o\ 9
. 0 0 (ex +eY )2
harmonic number. Prove that
(Ovidiu Furdui)
i %471—3 g{4n—2 _ lg + ﬂlOgQ + g
—\4n-3 -2/ 64 32 2 Evaluate the integral
3log?2  3mlog?2 /°° —11 eX+1 »
16 32 0 ex+1 ex — 1
(Cornel Ioan Valean) @ Let 1 denote the Mobius function. Evaluate the series
Let A denote the Glashier - Kinkelin constant and vy the g — i (—
Euler - Mascheroni constant. Prove that =i
®© 00 00 yktmin where Re(s) > 1.
[TITIT temeem 2557
k=1n=1m=1 Let n € N and ( denote the Riemann zeta function.
A3/2 Prove that
T ;3/4e1/8—(7/1247) log 2+ 5 log? 2
2
(Cornel Ioan Valean) i (log sinx)™ tanx dx = (—1)™ nl¢{n+1)
0 g on+1
€ €For k = 1 the sum equals w whereas for k > 2 the sum

ECurrently I do not have a solution on this but the most straight forward equals

k-1
idea i i k+1 1
idea is to actually try to find the nu.mber ofway.s n can be written as a sum Kl + (k+2)— = Z Ck+1—1)C(i+1)
of three numbers and reduce the triple product into a single one. 2 =
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@ Let G denote the Catalan’s constant. Prove that

o0 6“
Z =

(2n + 3) (2n—|—1)( )2

_ 2
2

EN|

(7(:(3) +(3-28)m— 12>

(@

@ Let H,, denote the n - th harmonic number. Prove that

y =

n=1

Express in terms of dilogarithm the series

(e 9]
= Z (narccotn —1)
n=1

-
480

n+1j{ i]'Cn+1 -
(n+1)2

Let lcm denote the least common multiple. Prove that
for all s > 1 it holds that

N

where ( is the Riemann zeta function.

()
T (2s)

mn)

@ The n -th Fibonacci number is defined as Fp = 0,

F1 = 1 and recursively via the relation

Fhio =Fni1+Fq forall n>0

Prove that

(="
n+1 (Fn + Fn—|—2)

3 arctan = arctan (V5 — 2
n=0 F

Let ¢ denote the Riemann zeta function and let
N > s > 2. Prove that

2¢(s) (25 — 2)T(s + 1)

1
/0 arctanh®(x) dx = YE

EThe above series was proved by Jacopo D’ Aurizio , an MSE user. The
series goes deeper and is actually a closed form of the hypergeometric func-

tion
4F3 171717§a§7§7§71
2°2°2°2

Evaluate the product

ﬁ 1+— ; 2ntl o
in 2n+1+ (—1)n-1

Let T;, denote the n - th triangular number. Evaluate

DI

8Tn+1 - 3)

Let (0

Mobius function. Prove that

i nn lI)(o)
n
n=1

Let 1 denote the Mobius function. Prove that
i log n_

denote the digamma function and p the

@ Let gd denote the Gudermannian function. Evaluate the

integral:
=)

@ Let F,, denote the n -th Fibonacci number and let }df )

denote the n -th harmonic number of weight 2.
Evaluate the series

gd(log xy

1 —xy d(x,y)

Let (1) denote the trigamma function. Prove that

STTCOTA _
n;w (X" = ——(C(2)

In continuity , investigate for which x € R does the
series converge .

Lig(x))

@ Let (1) denote the trigamma function. Prove that

— v (n+1) o 9¢(6)
2 T840 8

n=1
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( Seraphim Tsipelis ) Let ¢ denote the Riemann zeta function. Define

Let Lis denote the dilogarithm function. Evaluate the

double integral

=/ [
@ Evaluate the series

9
Q= Z arctan (9 +(3n+5)(3n+ 8)>

n=1

logxlogy Lis(xy)
1—x)1—-y) xy

d(x,y)

( Dan Sitaru )

Let v denote the Euler - Mascheroni constant and {-} the

fractional function. Prove that

1 2
o U= 2
—x} Y

/Ol{x}.{l

@ Let {-} denote the fractional function. Prove that

/“{x} 1
. x5 =37 360

@ Let a € R.Evaluate the integral

00 c 2
sin” ax
- [ e,
o x(1—ex)
Let ¢ denote the zeta Riemann function and Liy denote

the dilogarithm function. Evaluate the integral

1 .
/ {logxlog(l—x)—i-Lig(x)] (XI(JF(X))() _
0

1—x

(]

@ Let H,, denote the n-th harmonic number. Prove that

> s
- nmn+1)

= 3¢(3)

EThe result is 4¢(2)¢(3) — 9¢(5).

2 oy

sy JCm) , n>1
C(n)—{y =1

where vy is the Euler - Mascheroni constant. Evalate the
series

¢*(n) — 1) cos (“T")

=3

Let n, m € N. Define:

—1

= n
-2 (3)
k=0 k
(a) Prove that Sg) = gSﬁ?)
(b) Use (a) to deduce that

n+2 o)
=—"38 1
L on41) "t +

(c) Prove that
n+1" 2k

~ on+l k
k=1

(0

Let Lis denote the polylogarithm of order 4. Evaluate
the integral

g— / logxlogll—x)L14( )dx

—X

@ Evaluate
o=
Evaluate the sum
0 4qn
Z 41’12 )

€n fact something more general holds
§ o (o

> (1) DI
k=0

and is a consequence of a theorem named by Mansour who proved it.

1
d
<x2 + 1> (x2 +1)? X

-t n+1

T (atb) (It
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Let L,, denote the n -th Lucas number, defined by
[p=2,[i=1andforalln > 2

Ln=Lh1+Lno

Compute the series

S = Z arctan ( ntl )
n=1

+L Ln+1Ln+2

@ Compute the multiple integral

> g log (1 —xy) [Tr—q log(1 — xx)
d(Xb.”
Zk 1 %K) Hk 1 Xk

@ Let H,, denote the n-th harmonic number. Prove that

B 00 00 9@L __21? e
= Z Z kn(k+n)3 48 ¢(6) =3¢7(3)

Prove that
& 1 T
/ sin<x2+2> dx = 4/ = (sin2 + cos 2)
o X 2

Let ged(+, -) denote the greatest common divisor.

Evaluate the sum

ged(n, 2016)
§ = Z e

Provethat
I
lnx—l—lny—l—lnz 2
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Open Problems

In this section we shall present some open problems.

1

5
7 rectangles? Here

1. Can we cover a unit square with 1 X R

ke N
2. Is the sequence (%)n mod 1 dense in the unit interval?

3. Is it true that

4 14n+ 76n2 +168n3 /2n\ 7 32
Z 920m n)

(]

4. (The following is called Giuga Conjecture or Agoh-Giuga
Conjecture and its origins can be traced back in 1950.) A
positive integer p > 1 is prime if and only if

p—1
Z P~l=—-1 (mod P)

i=1
5. Why is it so difficult to prove that e + 7t is irrational?

6. Let ( ) denote the Legendre symbol. Is it true that

24 (™2 |tant > 1
/ log | L VT =y (M)
T Jny3 tant — /7 = \7/n

7. Is the Catalan’s constant defined as

o0

(2n+1)2

n=0
irrational?

8. Let H,, denote the n - th Harmonic number. Is it true
that for all n > 1 it holds that

D d < Hn + (logHp)e™

d|n

(@

€This kind of identity is amenable in principle to automatic theorem-
proving methods, but (using known techniques) is out of reach of current
computers. Another such formula is the Cullen’s Pi Formula that can be
found here.

€ Actually Jeff Lagarias showed that this is equivalent to the Riemann hy-
pothesis!

9. Let xg = 2. Is it true that the sequence {Xxn }ncn defined
as

Xn4+1 = Xn — 7
n

is unbounded?

10. Does the series

converge?

11. Is it true that

1
hIn T = 0
n—+o0o0 N“sinn

[((

12. Let py, denote the n -th prime. Is the series

e (—)in
_n;pn

=
convergent? =

13. Is there a dense subset of a plane having only rational
distances between its points?

14. For every odd prime is it true that one has

O+ 1+ 4+ (p—-1)!#£0 (modyp)

(©

15. (The following is known as Littlewood’s conjecture.) For
o, B € Ris it true that

liminf(n - [ned| - [InBl) =
n—-+oo

Here || - || denotes the distance to the nearest integer.

16. What is the largest possible volume of the convex hull of
a space curve having unit length?

EWe would expect this to tend to zero, but the proof is beyond what is
currently known. It is expected that the irrationality measure of 7t is 2 (it is
known that all but a zero-measure set of real numbers have irrationality mea-
sure 2). Therefore, it is expected that the sequence tends to 0 but currently
there is no proof for that.

€The origin of this problem traces back to Paul Erdds .

€This is known as Kurepa’s conjecture. A proof was claimed and pub-
lished in 2004 but the claim was withdrawn in 2011.
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References @ tolaso.com.gr
Description: The editor’s personal site.

Here is a list of references that indicate , potentially , the
source of the majority of the problems or that of the appendix.

il Institutions
®) International Fora —

@ Mathematics Stack Exchan ge niversity of loannina, loannina, Greece

Description: Mathematics Stack Exchange is a Q&A site
that allows users to ask and answer questions. It is quite
rich in interesting questions of all levels from trivial up
to very challenging ones.

@ Art of Problem Solving

Description: Art of Problem Solving ( abbrev: AoPS ) is a

site that is a great resource of mathematical M) Books / Journals
competitions. It also has a college forum with plenty of

interesting questions and answers.

AU

A University of Athens, Athens, Greece
A University of Wisconsin , USA
a U

niversity of Michigan, Michigan , USA

American Mathematical Monthl
@ mathimatikoi.org/forum & American Mathematical Monthly

Description: mathimatikoi.org ( from the greek word & Romanian Mathematical Monthly
that means mathematicians ) is an English forum of
university mathematics. Its main focus is in college

level mathematics and some branches of Euclidean & Rudin W. Principals of Mathematical Analysis
Geometry.

& Asymmetry

& Principals of Multivariable Calculus , Giannoulis
@ Integrals and Series Ioannis , University of Ioannina
Description: Integrals and Series is a forum on
discussion on Integrals and Series only. It has many
topics on the evaluation of challenging integrals and
series as well as studies on special functions.

Note: This site / forum is using Tapatalk and MathJaX is g Other References
no longer rendering math equations. You are strongly

adviced to use a bookmark so that it renders MathjaX. These other references may include facebook groups.
Unfortunately , this site ( which once was a valuable
resource of integrals and series ) is useless anymore.

& Complex Analysis, Stein E.M and Shakarchi R

®) Local Fora

@ mathematica.gr

Description: mathematica.gr is a greek site on
mathematical discussions. It is a great resource on
mathematical competitions , mathematical news,
teaching technics as well as university and applied
mathematics.

@& Other Sites
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